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Abstract. In this paper we construct a Chern-Weil isomorphism for the equivariant 
Brauer group of R" actions on a principal torus bundle, where the target for this isomor- 
phism is a "dimcnsionally reduced" Cech cohomology group. From this point of view, 
the usual forgetful functor takes the form of a connecting homomorphism in a long exact 
sequence in dimensionally reduced cohomology. 



I. Introduction 

For a second countable locally compact Hausdorff space X, we define the Brauer group 
Br(X) to be the group of Co(X)-isomorphism classes of stable separable continuous trace 
algebras with spectrum X. Dixmier-Douady |DD63] showed that this group is isomorphic 
to the sheaf cohomology group H 2 (X,S) (where S is the sheaf of germs of continuous 
T- valued functions, and T = R/Z is the unit circle). Given an action of a locally compact 
group G on X, one can extend the Dixmier-Douady result to outer conjugacy classes of 
pairs (A(X), a), where A(X) is a separable continuous trace C*-algebra with spectrum X, 
and a is a G-action on A(X) that covers the G-action on X |CKRW97] . Importantly, if the 
pairs (A(X), a) and (B(X), (3) are outer conjugate then they will have isomorphic crossed 
products A(X) x a G and B(X) x\p G |RW98j . The group of outer conjugacy classes of 
pairs (A(X),a) is known as the equivariant Brauer group Btg(X). 

There has been a resurgence of interest in this equivariant Brauer group as a result of 
applications to T-duality in string theory In particular, it was shown in |MR05tlMR06j 
that the equivariant Brauer group, modulo an imprecise homotopy equivalence, provides 
a natural setting for computing the T-duals of principal T n -bundles with H-flux, even 
when there does not exist a so-called "classical" T-dual bundle. Recently in |Tu06] an 
isomorphism between Btg{X) and a certain Cech- type cohomology group H 2 (G ix X,S) 
for the transformation-group groupoid G txX was established as an analogue of the Dixmier- 
Douady result. Our aim is to extend |Tu06] to shed new light on the structure of Btg(X). 



This research was supported under Australian Research Council's Discovery Projects funding scheme 
(project numbers DP0559415 and DP0878184). 
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The structure of Btq(X) is well known to be very difficult to analyse except in special 
cases. For example, when G acts freely and properly on X we have Btq(X) = H 2 (G\X, S). 
At the other extreme, when G acts trivially on X: 

Br G (X) * H 2 (X, S) © H\X 7 Q ah ) © C(X, H 2 M (G, T)), 

where Q a b is the sheaf of germs of continuous G a b- valued functions (and G a b is the abeliani- 
sation of G), and Hm is Moore's cohomology for groups |Moo76j . When there is a subgroup 
N C G such that N acts trivially on X, and the G action induces a principal G/iV-bundle 
structure X — > G\X progress was made in [RW93a] and |PRW96] . where the subgroup 
of Btg{X) with trivial Mackey obstruction was shown to be isomorphic to the degree 2 
cohomology of a two-column double complex. This is still insufficient for the applications 
to T-duality which study the case where n : X — > Z is a principal W 1 /T/ 1 bundle. 

Now, it is well known that such principal bundles are classified by the cohomology group 
H 2 (Z,Z n ), and we call the cohomology class associated to ir : X — > Z the Euler vector. 
In this paper we provide an isomorphism from all of Bi^n.[X) to the degree 2 cohomology 
of a three column complex. This is not an obvious generalisation of |RW93a| IPRW96j . 
The innovation is in the fact that we do not use the ordinary horizontal and vertical 
differentials to constitute the total differential. Instead, we mimic the Ei page of the 
Leray-Serre spectral sequence by combining the vertical differential with the cup product 
with the Euler vector. 

To assist the reader we summarise in Sections 2, 3, 4, and 6, respectively, the equivariant 
Brauer group (and the case arising in T-duality), dimensionally reduced cohomology, Tu's 
groupoid cohomology and the Raeburn- Williams equivariant cohomology. Extensions of 
these last two papers needed for our results are in Sections 5 and 6 and the main theorem 
is proved in Section 8. We explain the main result of the paper in detail in the next 
subsection. Some results have also appeared in |BCR11] . 

1.1. The main theorem. We begin by recalling the Raeburn- Williams "equivariant co- 
homology" from |RW93atlPRW96j . Consider the case where G is a second countable lo- 
cally compact Hausdorff abelian group acting on a locally compact space X with orbit 
space Z = G\X. Suppose also that iV C G is a closed subgroup such that G —> N 
and G — >■ N have local sections, and ir : X — > Z is a principal G/iV-bundle. As the 
Dixmier-Douady theorem implies there is an isomorphism Br^(A) = H 3 (X, Z), we denote 
by CT(X, 5) the unique (up to C (A)-isomorphism) stable separable continuous trace C*- 
algebra with Dixmier-Douady class 5 G H 3 (X, Z). This definition implies that for any 
element [CT(X,8),a] € Btg{X) there is an open cover {U\ Q } of X and isomorphisms 
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$ Ao : CT(X,6)\ Uxo C {U Xo ,]C). It follows by [ENOTl Prop 2.1] that $ Ao o a |jv o $ Ao is lo- 
cally inner. In |RW93a] and |PRW96j the authors develop a cohomology theory Hq(X,S) 
that in degree 2 is isomorphic to the subgroup of Btg(X) such that the restriction of the 
actions to N are locally unitary. Note that, the failure of $a ° °\n ° to be locally 
unitary at i 6 X is measured by a class [M(-, -,a;)] in Hl[(N,T), which is independent of 
Ao and constant on orbits of X. We then obtain a map M : Br^X) H- C(G\X, Hfj(N, T)), 
called the Mackey obstruction map, which has trivial image if and only if the restriction of 
a to N is locally unitary for all x G X. Packer, Raeburn and Williams call such systems 
N -principal. 

Let hi = {U\ } be an open cover of X by G-invariant sets. We define a two column 
cochain complex Cq(U,S) as follows: 

C^{U,S) := C k (U,S), C { G ~ in {U,S) := Zl ! (G,G k - 1 (U,S)), 

where Zq(G, C k ~ l {U, S)) denotes the set of continuous group cohomology 1-cocycles from 
G into the G-module C k ~ l (U,S) with the obvious G action. In other words, an element 
rj G Cq lS>l {U,S) is a collection of continuous functions r/A ...A fe „ 1 : G x l7\ „.A fe _ 1 — > T such 
that, for all go, g\ G G and x G U\ a ,,,\ k _ 1 , the following holds: 

^A ...A fc _ 1 (^i,a;)r/A () ...A fc _ 1 (^i,a;)*^Ao...A fe _ 1 (^o,^r 1 ^) = 1. 

This complex has as horizontal differential the usual group cohomology differential da, and 
as vertical differential the usual Cech differential d. The cohomology group Hq{U,S) is 
then the cohomology Zq(U , S) / Bq(IA , S) of the total complex 

After showing refinement maps induce canonical maps on cohomology |PRW96l Sect 2], 
the authors define Hq(X,S) := lim^ H^(U, S). 

The importance of these groups to our work is in the following two results: 

Lemma 1.1 ( |PRW96[ Lemma 1.3]). Suppose that G is a locally compact abelian group, 
and N a closed subgroup such that G — >■ iV has local sections. Suppose ir : X — > Z is a 
locally trivial principal G / N -bundle over a paracompact space Z and let M : Brc(X) — y 
C(G\X,Hlf(N,X)) denote the Mackey Obstruction map. Then H%(X,S) = kerM. 

In order to generalise Lemma [1.11 to all of Btg{X), one may choose to study a three- 
column complex defined by setting C^ilA^S) := C k (U,S), and 

C%~ l)1 {U, S) := C7^(G, 6 k -\U, 5)), C§- 2)2 (U, S) := Z 2 G (G, C k ~ 2 (U, S)). 
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However, such a complex is unable to go beyond ker M, because the horizontal differential 
requires U to consist of G-invariant sets, and |PRW96[ Cor 5.18] implies continuous trace 
algebras trivialisable over G-invariant sets have trivial Mackey obstruction. 
On the other hand, the following theorem provides the appropriate direction: 

Theorem 1.2 ( |PRW96l Thm 4.1]). Let G be a locally compact abelian group and N a 
closed subgroup such that G —> N and G — >• N have local sections. Let M and N denote 
the sheaves of germs of continuous N and N -valued functions respectively. Then for any 
principal G/N -bundle tt : X — >■ Z with Euler vector c G H 2 (Z,M) there is a long exact 
sequence 

► H k (Z,S) % H k G (X,S) ^ H k ~ l (Z,M) ^ H k+1 (Z,S) -> . . . 

The sequence starts with H l (Z,S), and ir G : H l (Z,S) — > H G (X,S) is injective. 

The maps 7r G , 7r* and Uc of the theorem are defined as follows. If [<p] G H k (Z,S) then 
n* G [(f)} = [vr*(0),l], where vr* is the pullback n* : Z k (Z,S) ->■ Z k (X,S). To define the 
"integration" map 7T*, let (is, rj) G Z g (tx^ 1 {W), S) for some open cover W of Z. Now a 
calculation, exploiting the fact that (is, t]) is a cochain and G is abelian, implies for any 
t G G, m G N and x G X that 

Vn ... t i k - 1 (m, ~t ■ x) =ri m ,^ 1 (m,x). (1.1) 

Then, using the cocycle property of (is,rj), we find dr)(m, ■) f j, ... t j, k _ 1 (x) = 1. Therefore we 
may define Tr*(r]) G Z k ~ l (W,Af) by 

7r*(?7)(^W..Wb-i( m ) := Vno...v k -i( m , x ), n(x) = z. 
For the last map Uc : H k ^(Z,Af) -> if fe+1 (Z,<S), let ^ G 2T fc-1 (>V, Af), and choose a 
representative F G Z 2 (W,A/") of c (this may require taking a common refinement). Then 
[ip] U c is by definition the class with representative 

(z),z). 

This is well-defined because one can show the image of [^] under Uc is independent of the 
choice of representatives ip and F . 

It is the definition of these maps and the exactness of the sequence from Theorem 1 1 . 21 that 
tells us how to proceed. Indeed [PRW961 Lemma 4.2] gives a function \i : Z g (tt~ 1 (W), S) — > 
C k (W, S) such that for any cocycle (is, rj) G Z g (tt~ 1 (W), S) we have d[fj,(is, rj)} = n*(r])UF. 
We can then define a two column complex 

Cf(W,S) := C k (W,S), C { p~ t)l (W,S) := C k ^(W,Af) 

lr The corollary is incorrect as the isomorphism claimed there is only a surjection. 
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with differential d F ((p k0 , ft^ 1 ) = (<9</> fc0 + \j F, d^" 1 ) 1 ) and cohomology 

Hp(W, S). If we choose W to be "good", the Five Lemma shows that the map [u,rj\ i— >■ 
[/i(z/, 77), 7r*(r^)] is an isomorphism of Hq(Z, S) with ifJ,(W, S). To accommodate non-trivial 
Mackey obstructions then, we need to extend H F (W,S) to a three column complex. 

We denote by H 3 (X,Z)\ 7T o,3 =0 the kernel of the Leray-Serre spectral sequence projection 
7T 0,3 : H 3 (X, Z) — >■ C(Z, H 3 (T n , Z)). We now state our main theorem, which applies to the 
case G = M n , iV = Z n . 

Theorem 1.3. Let ir : X — > Z be a C°° principal T" -bundle over a Riemannian manifold 
Z. Then there exists an open cover U of X , and a cocycle F e Z 2 (tt(U), Z n ) snc/i that 

(1) &e !ma ? e 0/ [F] E H 2 (n(U),Z n ) in H 2 (Z,Z n ) is the Euler vector of n : X -> 
and 

(2) every stable continuous trace C*-algebra over X is trivialised overlA. 
Moreover, for all k > there exist groups M. f (tt(U),&), being the cohomology of 
a three column complex, where (5 is either the sheaf S or Z, such that there is a 
commutative diagram 

Br R n(X) H 3 (X, Z) 1^0,3=0 

B? F (7r(U),S) »-H|(7r(W),Z). 

There is actually substantially more motivation for the above theorem than just 
|PRW96] . Indeed, the nature of the cohomology groups H. F (ir(U), Z) and the right vertical 
isomorphism was predicted by the de Rham cohomology version of Theorem 11.21 contained 
in [BHM05] . 

2. Preliminaries 

2.1. Continuous Trace C*-Algebras. In this paper we are only concerned with separa- 
ble and stable algebras and so our discussion is a greatly restricted version of the usual one 
for which the reader should consult |RW98] . With X as in the introduction, let p : E — > X 
be a (locally trivial) vector bundle over X with fibre K, (the compact operators on a separa- 
ble, infinite dimensional Hilbert space TL), and structure group Aut /C (with the point-norm 
topology). Let T(E,X) be the *-algebra of all continuous sections of p : E — > X. Then 

r (£,X) := {/ G T(E,X) : x f-> ||/(x)|| vanishes at 00} 

is a C*-algebra with respect to point-wise operations and the sup norm [RW98t Prop 4.89]. 
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Definition 2.1. A separable C*-algebra A with spectrum X is called continuous trace if 
it is Co(A A )-isomorphic to T (E,X), for some (locally trivial) vector bundle p : E — >• X 
with fibre /C, and structure group Aut /C. 

Now we recall the Brauer group. The product of algebras A and B with spectrum X is 
given by taking the ideal I x oi A® B generated by the set 

{(/ ■ a) ® b - a <g) (/ ■ b) : f e C {X), a e A,b e B} , 

and defining the balanced tensor product A ®c (x) B by A ®c (x) B := (A® B)/I x . (Note 
that C*-algebras with Hausdorff spectra are nuclear |RW98| Cor B.44]). Thus if p : E — > X 
and p' : E' —t X are bundles with fibre K. then 

r (E, x) ® Co(x) r (E', x) = r (E ® x e', x), 

where E <S>x E' is the restriction of the tensor product bundle E <g> E — > X x X to 
the diagonal {(x, x) : x G X} |KMRW98l Sect 3]. Thus A ®>c (x) B is a continuous 
trace C*-algebra also with spectrum X. Then the Brauer group Br(X) is the group of 
Co(X)-isomorphism classes of continuous trace C*-algebras with spectrum X where the 
zero element is the C*o(X)-isomorphism class of Co(X, JC) and the group operation is the 
balanced tensor product. 

By |RW98| Prop 4.53], isomorphism classes of vector bundles with fibre /C and structure 
group Aut /C are in one-to-one correspondence with H l (X, A), where A is the sheaf of 
germs of continuous Aut K- valued functions. If we equip the unitary operators U (H) with 
the strong operator topology, then there is an exact sequence of topological groups 

1 — >■ T — >■ U(H) Aut K, -»■ 1, (2.1) 

such that U(H) —> Aut/C has local continuous sections |RW98j Chapter 1]. Consequently, 
with S as in the introduction, the long exact sequence in sheaf cohomology, combined with 
the fact that U(T-L) is contractible (in the strong operator topology) (see, e.g., |RW98l Thm 
4.72]) implies that H l (X, A) = H 2 (X, S). From the exact sequence 0-»Z->R-»T-)-l, 
we then obtain H l (X,A) = H 2 (X,S) = H 3 (X,Z). As continuous trace C*-algebras are 
Co(X)-isomorphic if and only if they are Co(X)-isomorphic to the algebra of sections of 
isomorphic bundles, we obtain the Dixmier-Douady classification [DD63j . Namely, if A is 
a continuous trace C*-algebra with spectrum X, Co(A A )-isomorphic to continuous sections 
of a bundle p : E —> X, then the isomorphism Br(X) — > H 3 (X, Z) is defined by the map 
induced by sending A to its Dixmier-Douady class, the image S, of p : E — > X in H 3 (X,7 i ). 
The corresponding class of continuous trace C*-algebras will be denoted CT(X,5). We 
move on now to the equivariant Brauer group. 
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Definition 2.2. Fix a locally compact group G and a second countable locally com- 
pact Hausdorff (left) G-space X . Denote the induced G-action on Cb(X) by r. That is 
T g (f)(x) = f(g~ 1 x), for / G Cf,(X). Let A be a continuous trace C*-algebra with spec- 
trum X, and a an action of G on A. Then a is said to preserve the (given) action on the 
spectrum if for all g G G, a G A and / G Cfe(X): a s (/ • a) = r s (/) ■ a g (a). 

We write QStcpQ for the collection of pairs (A, a), where A is a continuous trace C*- 
algebra with spectrum a G-space X and a is an action of G on A that preserves the 
given action on the spectrum. If A is a C*-algebra, we denote by M(A) and UM(A) the 
multiplier algebra of A and unitary elements of M(A), respectively. Now, given elements 
(A, a) and (A, 0) of *Btc(X), we say the actions a and /3 are exterior equivalent if there is 
a (strictly) continuous map w : G — >■ [/ M(A) such that 

/9 9 (a) = w g a g (a)w* for all a G A and g G G, (2.2) 
«V = w g®g( w h) for all g,heG. (2.3) 

In this case, one says that w is a unitary a cocycle implementing the equivalence. Two 
pairs (A, a) and (B, (3) are outer conjugate if and only if there is a Go(X)-isomorphism 
: A — > B such that a and 0" 1 o /3 o are exterior equivalent. If (A, a) and (5, /5) are 
in Q3tc(X) then by [PW98, Prop B.13] there is an action ct®(3oiGonA®B given by 

(a g> /3) 9 (a ® 6) = a fl (a) <g> /3 9 (6) , 

and as 

(a ® /3) 9 (/ - a(8)6-a®/-6) = r fl (/) • a fl (a) ® ^(6) - a g (a) <g> r fl (/) • /3 S (6) 

then a <g> /3 preserves the ideal ix of A (g) 5, and therefore induces an action a £§>x of G 
on A <S>c pc) -S- With the notation of the previous definition we have: 

Definition 2.3. The equivariant Brauer group Brc(X) is defined as the group of equiva- 
lence classes in ^Bta(X) under outer conjugacy. The zero element is the equivalence class 
of (Co(X,JC),t). The binary operation is 

[A, a] ■ [B, 0} = [A ® Co(x) B, a® x p], 

and the inverse of [A, a] is the conjugate algebra [A, a] (we use the canonical bijection of 
sets b : A — > A, to define a g (b(a)) := b(a 9 (a)). 

Later on we will use the "forgetful homomorphism" F : Brc(X) — > Br(X) that sends 
[CT(X,8),a] to [CT(X,5)\. This map is neither surjective nor injective in general. 
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2.2. Actions of Z n on Cq(X, /C). With X as above we now review the Mackey obstruction 
map for actions a of Z n on Cq(X, /C). We call a locally inner if there exists an open cover 
{Ux }x ex of X and functions U\ : Z n — > C(U\ , U(H)) such that 

(ai m h)(x) = u\ (m,x)h(x)u\ Q (m,x)*, h<EC (X,K,), m G Z n . 

and we note from |EN01[ Prop 2.1] that every action of Z n on Cq(X, /C) locally inner. 

Fix generators ej of Z n , and let the action of e» at x G f/x be implemented by m\ (x) = 
u Ao (ej,x): 

(a ei fc)(x)=«i (x)/i(x)«l (x)*. (2.4) 
For m, / G Z n , let m« denote the component of m, and let T be the centre of U(H). 
If we define u™ Q {x) := (u\ (x)) mi {u\ {x)) m2 . . . (u Xo (x)) mn , then there is a function M\ : 
Z n xZ"x C/ Ao -> T defined by 

= M Ao (m,/,x)< o +z (x). (2.5) 

An easy calculation shows that M Ao satisfies the (Moore cohomology |Moo76] ) cocycle 
identity 

M Ao (/, k, x)M Xo (m + /, k, x)*M Xo (m, I + k, x)M Ao (m, I, x)* = 1. 
Thus the map x (-)■ ((m, Z) >->• [M Ao (m, Z, x)]) defines an element of Y[\ C(U\ , i?j^(Z n , T)). 
For two sets C/ Ao and C/ Al , the unitary u\ Q (x) differs from u Al (x) by an element of T, from 
which it follows that x i— >■ ((m,l) i— >■ [M Ao (m, Z, x)]) defines a global continuous function in 
C(X, Hf 4 (Z n , T)). If M^(T) is the group (under addition of matrices) of nxn strictly upper 
triangular matrices with entries in T, then a result from |Kle65j says Hf 1 (1i n , T) = M^(T). 
Thus we have defined a continuous function / : X — > M"(T) called the Mackey obstruction 
of (Co(X, /C), a). The map M : (Cq(X, JC),a) — > f is called the Mackey obstruction map. 
It is possible to extract the function / from the cocycle M. To see this define f\ : 

/Ao ( a; )ii< ( X K ( X ) = U io ( X K ( X ) > * ^ J ■ ( 2 ' 6 ) 

Since / Ao is independent of Ao (for the same reason that M gave a global function), we 
have a well-defined map / : X — > M%(T) with ij th entry f(x)ij = fx ( x )iji x e ^a - From 
the definitions one may see that 

M Ao (m,Z,x) = J] / Ao (x)^. (2.7) 

l<i<j<n 

Therefore M Ao , defined as in Eqn. (12.51) . is independent of Ao even at the level of cocycles 
(as opposed to Moore cohomology classes). In particular, if / satisfies f(x)ij = 1 for all 
x EX then u[ o (x)u^ (x) = u™+\x). 



We thank Iain Raeburn for communicating this definition. 
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Remark 2.4. That / and M are independent of the choice of u\ : Z n — > C{U\ 0) U(1-L)) 
follows respectively from Equation ( 12. 6 p and Equation ( 12. 7p . 

2.3. Actions of R n on a Continuous Trace C*-algebra over a Principal T n -bundle. 

In the application we are primarily concerned with, the action of Z n comes from the 
restriction of an action of lR n on CT(X, S) which covers the fibre action for a principal 
T n -bundle 7r : X — > Z. This data gives an element [CT(X, 5), a] of the equivariant Brauer 
group Br R n(X). 

In this case, we proceed as above by first choosing an open cover {Ux }x ei °f X so that 
there are isomorphisms $a : CT(X, 5)u Xq — > Co(Ux ,JC). These isomorphisms, together 
with the exact sequence (I2.ip . imply that there exist functions Vx a \ x £ C(^a Ai, U(H)) such 
that $Ai ° = AdfA Ai, and a representative for 5 is given by the image of the map x i— >■ 
vx^^Vx^i^xYvx^^x) under the connecting isomorphism A : H 2 (X,S) — > H 3 (X,Z). 
Since Z n acts trivially on the spectrum X, the actions $a ° a \z n ° ^Ao 1 on Co(U\ , K,) are 
locally inner. Refine, if necessary, the sets {^a } so that there exists u\ Q G C(U\ ,U(H)) 
that implements the actions: 

($ Ao o a ei o (h)(x) = u\ o (x)h(xy Xo (xY h e C (U Xo ,)C), (2.8) 

(cf. ( 12.41) above, where the local isomorphisms $. are restrictions). We define the Mackey 
obstruction at x G X as follows. Since (12.81) is equivalent to 

($ Ao oa e .(a))(x) = ui (x)<f> Xo (a)(x)ui (x)*, a G CT(X,5), 

if we define for any m G Z™, u^ o (x) := {u\ Q (x)) mi (u\ {x)) m2 . . . (M" o (x)) m ™, the fact that a 
is a homomorphism implies 

($ Ao o a m (a))(x) = uZ(x)^x (a)(x)uZ(x)*, a G CT(X,5). (2.9) 

Then, the Mackey obstruction at x is the class [M Xo (-, •,%)] G if 2 (Z n ,T) given by 

u l x (x)ul(x) = M Ao (m,/,x)< o +z (x). (2.10) 

Now, we may still define f\ (x)ijU\ (x)u J Xo (x) = u J Xo (x)u\ o (x) , but then it is not obvious 
that / is a global function on X. In order to prove that it is, we present a simple lemma 
that we will use repeatedly throughout this paper. 

Lemma 2.5. Let k G N and u%, U2 ■ ■ ■ , Uk G U(H) be unitaries such that u\U2 ■ ■ ■ Uk G 
ZU(H) = T. Then u\Ui . . .uu = UkU\U2 ■ ■ ■ lijt-i. 

Proof. Suppose that t G T is such that t = Uiu 2 ■ ■ ■ u^. Then 

UiU 2 . . .U k = t = U k tu* k = U k UiU 2 ■ ■ ■ Ufc-l. 

□ 
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Proposition 2.6. The function x t— > f\ (x)ij is independent of Xq. 

Proof. One may see that for any Ao, Ai G X and appropriate sections in CT(X, ^)\u Xo x 1 

®M ° Ad <! ° = ^Ao 1 O Adu{ O $ Ao $ Al O O Ad< O $ Aq O $-1 = Ad <. 

This means that, if /i is a section in Cq(U XqXi , JC) then 

( $ Ax O $ Ao X o Ad< o $ A[) o $-1) = ^oA 1 (xX(x)^ oAl (x)/ i (x)^ AoAl (xX(x)XoA 1 (^) 

= u Ai (x)/ i (.x)n Ai (a;)*. 
Hence there are continuous functions ?7 AoAl : ^a Ai _ > T satisfying 

Therefore, using Lemma 12.51 between the second and third equality, we have 

f Xl {x) ij = n J Ai (x)*n Ai (x)*n J Ai (x)u Ai (x) 

= v{ oXl (x)*v XoXl (x)u{ q (x)*v XoXl (x)*v{ oXl (x)*v XoXl (x)u\ Q (x)*v XoXl (x)* 

X ^AoAi ( a; )^A A 1 {x)u{ {x)v XoXl {x)*rf XoM {x)v XqXi (x)u\ q {x)v XqXi (x)* 

= u { (xTu\ Q (xyu{ o (x)u\ Q (x) = f Xo {x)ij. 

□ 

It follows that M Xo (m, l,x) = rii<i<j<n /ao^);^; is independent of A , and therefore 
globally continuous. Hence, we obtain a map M : Q3tRn(X) — > C(X,M%(T)), from M : 
(CT(X,5),a) i — y f. It is a standard result [PRW96[ Sect 1] that M is constant on outer 
conjugacy classes and constant on orbits of X, and hence defines a group homomorphism 
(denoted by the same symbol) M : Br^n(X) — > C(Z, M%(T)). In this case, we may write 

M Xo (m,l,x) = M(m,l,ir(x)) = J] /(tt(x))^. (2.11) 

l<i<j<n 

As before the map M : [Cq(X, K), a] — > / is called the Mackey obstruction map, and the 
function / is called the Mackey obstruction of [CT(X,5),a]. 

3. Dimension ally Reduced Cohomology 

In this Section we recall the "dimensionally reduced cohomology" groups of |BRllj . In 
degree 2 with S coefficients they are isomorphic to the equivariant Brauer groups Br K n(AT), 
for X a principal T n -bundle (see Theorem ll.3p . 
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Lemma 3.1 ( |Ste47l Sect 2]). Let Z be a topological space with an open cover W and 
A,Be Z 2 (W,Z). Then AUB-BUA = dC where 

Cx x 1 x 2 x s (z) := A Xo x 1 x 2 (z)Bx x 2 \ s (z) - Ax 1 x 2 x A (z)Bx x 1 x 3 (z). 

Let Z be a C°° manifold and fix an open cover W = {W^,} of Z together with a 
cocycle F £ Z 2 {W, Z"). Let S,J\ and Ai denote the sheaves of germs of continuous T, Z n 
and M^(T)- valued functions respectively. We can think of a Cech cocycle in 0( fc ~ 2 ) 2 e 
C k -\W,M) as an ©-tuple {^ (fc - 2)2 (0ii}i<i<j<», where ^ fc " 2 > 2 (-)ii G C k ~ 2 (W,S). 

We define a cochain complex C F (W, <S), for A; > 2 as all triples (0 fco , f^ -1 ) 1 , 0( fc ~ 2 ) 2 ) 
consisting of Cech cochains feo £ C7 fc (W,<S), £ (^(y^Af) and 0< fc " 2 ) 2 £ 

(7 fe-2 (W, .A4). When /c = 1, we define a cochain to be a pair (0 1O ,0 01 ), where 10 £ 
C\W,S), (j) 01 £ C°(W,Af), whilst when fc = 0a cochain is an element 00 £ (7 (W,S). 

Now, for any A £ C ,2 (W,Z n ) and B £ (7 3 (>V, M^(Z)) we can define products 

\J X A : C k ~\WM) -»• C* +1 (W,S), UiA : (7 fc - 2 (>V,7W) ^(7 fc (>V,A0, and 
U 2 B : (7 fc - 2 (>V,.M) 

by the formulas 

l<i<j'<n 

(0 (fc - 2)2 u 2 5) A() ... Afc+1 ( 2 ) := n c. 2 i 2 (-)? fc - 2Afc " iAfcAfc+i(2)ij - 

l<i<j'<n 

The Cech differential d is a graded derivation with respect to these products |BRllj . Now, 
let Fi denote the i th component of F, our fixed representative of the Euler vector of 7r : X — > 
Z. Applying Lemma O with A = F h B = Fj gives us a 3-cochain C{F) £ C 3 (W, ilf^(Z) ) 
defined by the formula: 

C(F)x \ 1 x 2 x 3 (z)ij := F Xo x 1 x 2 (z) i Fx x 2 x s (z)j ~ Fx 1 x 2 x- A (z)iF Xo x 1 x 3 (z)j. 

Then, Dp : C F (W,S) -> C7£ +1 (W,<S) is defined as follows: 

J D F (0 fco ,0( fc - 1 ) 1 ,0( fc - 2 ) 2 ) :=(«90 fco x Ui F)(- X ) fe+1 x (0( fc " 2 ) 2 U 2 C(F)))^ fc+1 , 

,90( fc - 1 ) 1 x (0( fc - 2 ) 2 U 1 F)(- 1 ) fe ,90( fc - 2 ) 2 ). 



It is straightforward to see that Dp = so we have: 
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Definition 3.2. The k th dimensionally reduced Cech cohomology group of the covering 
W with coefficients in S, is the cohomology of C F (W,S) under the differential Dp- This 
group is denoted M F (W,S). 

We can also define similarly, H|>(W, Z) and (W, TV), using integer and real coefficients. 
Cochains in C F (W,Z) are triples (4> k0 , (p ( - k ~ 1 ' )1 , (p^ k ~ 2 ^ 2 ) consisting of Cech cochains 4> k0 G 
C k {W,Z), G C k ~ l {W,Z n ) and ^ k ~ 2 ^ G C*~ 2 (W, Aff(Z) ). We define degree and 

1 cochains as before, by truncating the lower Cech cochains. To define the differential, let 
mi denote the I th component of m G Z n . Then we have maps 

UiF : C* _1 (W,Z n ) ->• C k+1 (W,Z),U 1 F : C k ~ 2 {W, M^{Z) ) — >■ (7 fe (>V,Z n ), and 
U 2 C(F) : C k - 2 (W, M%(Z) ) -»• C* +1 (W,Z), 

with their integer cohomology analogues: 

i=i 

l<i<j'<n 

and (#- 2)2 U 2 L7(F)) Ao ... Afc+1 (,):= £ W*)*> 

l<£<Q'<n 

Then the differential in integer coefficients is 

D F (cj> k0 , 0( fc " 2 ) 2 ) : = (<90 fco + (-l) fc +V (fc_1)1 Ui F + (-l) fc +V (fc " 2)2 U 2 C(F), 

Definition 3.3. Fix a cocycle F G Z 2 (W,Z™). The k th dimensionally reduced Cech coho- 
mology group of the cover W with coefficients in Z is the cohomology of C F (W, Z). 

Similarly for real coefficients, cochains in C F (W, TV) are triples (<j) k0 , < - fc_1 - )1 , (p^ k ~ 2 ^ 2 ) 
consisting of Cech cochains (f) k0 G C k (W,K), ^ k ~ 1]1 G ^(W.F) and </>( fc ~ 2 ) 2 G 
C fc - 2 (W, -M(^)), where TZ denotes the sheaf of germs of continuous M-valued functions, 
and Ai(TV), the sheaf of germs of continuous M"(M)-valued functions. 

Proposition 3.4 ( |BRllj ). Let W be a good open cover of a C°° manifold Z , and fix a 
cocycle F G Z 2 (W, Z n ) . Then there is a long exact sequence of cohomology groups 

^e£(W,ft) ^M k F (W,S) ^H^ +1 (W,Z) ^U k F +1 (W,K) 

Most of the groups M. F (W,TV) are trivial. The proof is contained in |BRllj . 
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Lemma 3.5. Let W be an open cover of of a C°° manifold Z , and fix a cocycle F G 
Z 2 (W, Z). Then we have group isomorphisms 

'C(Z,R) k = 

C(Z, M n ) k = 1 

C(Z,M:(R)) k = 2 

k > 3. 



u k F (w,n) 



Consequently, we have the: 

Corollary 3.6. Let W be a good open cover of a C°° manifold Z , and fix a cocycle F G 
Z 2 (W, Z n ). Then we have exact sequences 

->■ C(Z, Z) -> C(Z, E) -> C(Z, T) -> H^W, Z) ->■ C(Z, W 1 ) -> Hj,(W, 5) ->■ H|(W, Z) 

-)• C(Z,M^(R)) -)• H^(W,5) -)• H|(W,Z) 0, 
and -> H|(W,<S) -> H^ +1 (W,Z) ->■ 0, k > 3. 

4. Covers of Groupoids 

As mentioned in the introduction, in |Tu06] Tu established a groupoid cohomology the- 
ory. It is isomorphic, in degree two, to the equivariant Brauer group. An understand- 
ing of these cohomology groups H 2 (W n k X, S) and the isomorphism T : BrRn(X) — > 
H 2 (R n x X, S) will be necessary to prove surjectivity of our map from the equivariant 
Brauer group to our dimensionally reduced cohomology group from Section |3] (see Corol- 
lary EM- 

Definition 4.1. Let A be the simplicial category, consisting of (n + l)-tuples 
{0, 1, 2, . . . , n}, written [n], n G N + and non- decreasing maps as morphisms. (A map 
/:[&]—>■ [n] is non- decreasing if f(i + 1) > f(i) for all % G [A;]). The presimplicial category 
A' is the category with the same objects and strictly increasing maps as morphisms. De- 
note the set of morphisms from [k] to [n] in the category by A (resp. A') by homA([/c], [n]) 
(resp. homA'([A;], [n])). 

A (pre) simplicial set is a functor from the (pre)simplical category A (or A') to the cate- 
gory SET of sets. A (pre) simplicial (topological) space is a functor from the (pre)simplical 
category A (or A') to the category TOV of topological spaces. 

Remark 4.2. From, e.g. |ML63] . the image of the morphisms from A' (resp. A) under a 
functor from the (pre) simplicial category is determined by the images of the collection of 
6i,i G [n], the unique injective map in honiA([n], [n + 1]) that omits the number i, and 
r)i,i G [n], the unique surjective map in honiA([n], [n — 1]) that repeats the number i. 
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Therefore, if CAT is an arbitrary category, and F any functor F : A — > CAT, we denote 
the images F(ei) and F(r)i) of 6j and rji by q and fji. We rely on context to make it clear 
which functor and which category is being used. 

Remark 4.3. We will often omit commas between indices to make reading indices printed 
in small fonts (e.g. when used as a subscript) easier on the eye. 

Definition 4.4. A groupoid is a small category Q in which every arrow is invertible. We 
denote the object and arrow spaces and and, if g G then r(g),s(g) G 
are the range and source of g respectively. The symbol i denotes the canonical inclusion 
i : — y C/W. A groupoid is called a topological groupoid if the sets and are 
topological spaces such that r, s, and composition of arrows are continuous maps. 

Example 4.5. Given a groupoid Q there is an associated simplicial space whose object 
space is := {(70, • • • , Jn-i) '■ s (li+i) — r (li)}i the set of n-composable arrows. The 
morphisms are generated by compositions of maps e; and fji,i G [n], where 

• • , 7n-l) 1 = 

Hlh ■ ■ ■ ,7n) = { (70, • • • ,7n-2) i = n (4.1) 




and 



Vi(lO, ■ ■ ■ ,7n-l; 



ji-iji, . . . , 7„_i) otherwise. 



^( s (7o)),7o, • • • ,7n-i) if 2 = 

(70, . . . , 7i_i, t(r(7i_i)), 7i, . . . , 7 n _i) otherwise. 



From now on, all groupoids we deal with will be topological groupoids, so we omit the 
"topological". In order to define Tu-Cech cohomology for a groupoid Q, we are going 
to need a pre- simplicial cover of the simplicial space Q* associated to Q. This will be 
generated from covers of and £/ W respectively, and will actually be a refinement in the 
sense discussed below. 

Recall that if G is a group acting on a space X then there is a transformation- group 
groupoid G x X with (G k := X and (G x X) W :=GxI Later, for # e G, x G X, 
we write ((?,x) for elements in G k X, which satisfies s((g,x)) := and r(((yf,x)) := x. 

Example 4.6. For any open cover 14° = {U® }\ eio of the object space Q° of a groupoid 
we may define the cover groupoid Q[U°] by: 

g\UT ] ■= {(Ao,7,Ax) : 7 G ^a(7) G ^^(7) 6 t^}. 
This groupoid has object space ^[W ]^ ^ = {(Aq, £, Aq) : x G U9 } = ]J C/° Q . 
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Definition 4.7. An open cover of a presimplicial space M* is a sequence of covers U* = 
(W n ) nG N such that U n = {U^) i& x n is an open cover of the space M n . The cover is said to be 
presimplicial if X* = (X n ) ng ^ is a presimplicial set such that for all / G honiA'(A;,n) and 
for all i G X n one has f(U™) C U^y One defines simplicial covers similarly. 

Definition 4.8. Let W = {{t^} i6Z « : n G N} and V = {{Vf} jeJ » : n G N} be covers of 
the simplicial space £/*. Then we say V* is finer than W if for all n there exists a collection 
of refinement maps 9 n : J n — >■ X n such that VJ 1 C Ug ^ for all j. If the covers W* and 
V* are (pre) simplicial then the refinement map 9, is required to be (pre) simplicial, which 
means that for any index j G J n and /:[&]—>■ [n] a non-decreasing (strictly increasing) 
map, one has 9 k (f(j)) = f(9 n (j)). 

Remark 4.9. It is necessary that the refinement maps respect the (pre) simplicial structure 
so that the Tu-Cech differential, defined later, commutes with refinements. 

Fix n G N + , an open cover U° = {Uf} ie x° and U 1 = {Uj}j e zi of G^ and G^ respec- 
tively. We define to be the set of all maps A : Ufeefi] homA'([&], [n]) — > Ufeem^ that 
satisfy A(honiA'([A;], [n])) C X k . We use Tu's notation for the elements of A^. That is, if A; is 
the index in X° given by A(/ : t— > I) and Xi p is the index in X 1 given by A(/ : i — >- Z, 1 i — >- p), 
we write A := A Ai . . . A n AoiAo2 • • • Ao n Ai2Ai3 . . . X( n -i)n- If n > 0, we define U x to be the 
set of all (70, . . . , Jn-i) G G^ such that, for all < k < I < n — 1, all of the following hold: 
s(7o) e U° Q , r(7 fc ) G U° k+i , and 7fc . . .7, G tfjt h(I+1) - If w = we amply have ^A = 

Example 4.10. In the case n = 2 and Q = G k X we have (#o,#i,z) e ^| a 1 a 2 a iA 02 a 12 
if and only if all of the following hold: g$ g± x G t/° , 2; G £^,2 e ^a 2 > (#0, ^r^) e 
^Aoi' (#o£i,z) e £7^, and (g u x) G £/ A \ 2 . 

Remark 4.11. The reader should be careful to note that, despite the notation above, we 
shall use simultaneously the standard notation U XoXl x r , 

to denote n n • ■ ■ n t/J n . 
This shouldn't be confusing, since the superscript of U x x x is and the index A0A1 . . . A n 
is not in A^. 

Lemma 4.12. Given open covers IA° = {U^}i £ x° one? U l = {Uj}j e x 1 °f & topological 
groupoid Q , the collection oU* := {{U x }AeA!j}neN forms a presimplicial cover of the sim- 
plicial space G' = {G^ n '}nen- Moreover, if for n > 2 we let U^ 1 ' := G^ n \ then W is an 
open cover of G' , and aW is a refinement ofW. 

Proof. We define the presimplicial structure on the index set A^ by taking A G A' n and 
g G honiA'Qfc], [n]) and taking g : A' n — > A' k to be 

g(X)(f):=X(gof). (4.2) 
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We must show for any g G hom&/(k,n) that g{U™) C U^ x y Now, Remark 14.21 implies it 
suffices to consider g = e,, so that we need to check ej(f/") C U?~j\y We do this for the 
case 1 < i < n — 1 (the cases i = and i = n are similar). Fix (70, . . . , 7«-i) £ U\, and 
define (S , • • • , £ n _ 2 ) by (S , . . . , <5„_ 2 ) := 6,(70, . . . , 7n-i)- Also define the index /i G A^_ x by 
fi = ii(X). Therefore we need to show that s(5o) G f/° , r(5fc) G Z7° and 6k ■ ■ - Si G U x 
By Equation (14. ip we have = 7^, A; < i — 1, = 7i-i7i, 5/c = 7fc+i, k > i. Therefore, 
for any 0<A;</<n — 2, we have 




Moreover, by Equation (14. 2 p we have ^ — Afc, A; < i, = Afc+i, k > i, and 

/ < 2, 
k < i <l, 
A(fc+i)(«+i) A; > 2. 

Let us show that 5k ■ ■ ■ d~i G • Certainly if i < i — 1 then 5k ■ ■ ■ Si = 7fc • • • 7z G 

[A 1 = U l u . Also, if A; < i - 1 < I then <S fc ...<?, = 7* .. . 7m G U\ = U\ 
Finally, if fc > z - 1, then 8 k . . . <Jj = 7fe+i • • ■ 7h-i e tf\ (jk+1)(l+a) = ^iy+i)- Proving that 
s(<5o) G ?7° and r(5k) G t^ fe+1 is similar. □ 

Remark 4.13. One may check that if A = A0A1 . . . A n AoiAo2 • • • \ n -i)n, then ei(A) can be 
obtained from A by deleting any occurrences of Aj, A^ or where I is arbitrary. For 
example if A = A0A1A2A01A02A12, then e x (A) = A A 2 A 2- 

Given the covers U° = {U^} i€ x a an d U 1 = {Uj}j e xi we can also generate a simplicial 
cover of G°, by modifying the definitions above. Let A G A n , where A n is the set of all 
maps A : Ufce[ii honiA([A;], [n]) — > [jT k that satisfy A(1iohia([A;], [n])) C X k . The difference 
between this cover and the presimplicial cover from Lemma f4. 121 is that here we are working 
with 1iohia([/c], [n]), as opposed to honiA'QA;], [n]). In Tu's notation, elements of A n take 
the form A := A Ai . . . A n AooAoi • • • Ao n AnAi2 . . . A nn . If n > 0, we define to be the set 
of all (70, . . . , 7n-i) £ such that, for all < k < I < n — 1, all of the following hold: 
t(s( 7 o)) e Wntl,,t(r(7*)) G ^ A ° fc+1 ) n^ (fe+1)(fc+1) , and 7fc ... 7i G C^ (I+1) . Here we 
have used the canonical injection 1 of G^ into (from here on, we omit the t). If n = 
we have [/ A ° = {i£ G (0) : x G E^, G C/^J. 

Lemma 4.14. Given the open covers U° = {£/°}iez and U 1 = {Uj}j e z 1 of a topological 
groupoid Q, the collection GoJA* := \\JJ\ }AeA n }neN forms a simplicial cover of the simplicial 
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space Q' = {£r"^} ne N- Moreover, if for n > 2 we letUS n > := G^ n \ then W is an open cover 
of Q* , and o~oJA m is a refinement of hi' . 

Proof. This proof is identical to that of Lemma \A. 121 with the addition fjj(U x ) C U^f^xy D 

Remark 4.15. One can check that if A = AoAi . . . A n AooAoi • • • A nn , then fji(X) can be ob- 
tained from A as follows. Repeat the number % in the ordered set {0, 1, . . . n} to get the 
ordered set {0, . . . , i, i, . . . , n}. Now, take all non-increasing maps from [1] to this set as 
the subscripts of rji(\). For example, if A G Ai is written as A = AoAiAooAoiAn, then 

VoW = ^0^0-^1^00-^00^01^00^01^11? an d ^i(A) = AoAiAiAooAoiAoiAnAnAn. 

5. Tu-Cech Cohomology 

Definition 5.1. Let U° = {£/°}iex° an d U 1 = {Uj}j £ x 1 be open covers of a topological 
groupoid Q, and let all* be the presimplicial cover from Lemma 14.121 We denote by 
C n (aW ,S) the group of Tu-Cech cochains of degree n, where a cochain (p e C n (aW,S) 
is a collection if = {<^a}a6A^ of continuous functions <p\ : U™ — )■ T. 

Lemma 5.2 ( |Tu06t Sect 4.2]). The Tu-Cech differential, denoted dx u , is given by 

n+l 

(<9 T ^V(7o, Ti> • • • , In) = ^(-l)V,>(ei(7o, • • • , In)), 
where ji G A^ +1 and (70, 71, ... , 7n) G U™ +1 . 

Remark 5.3. We work over S because our cochains take values in T. In |Tu06] . any abelian 
sheaf is allowed, but we do not need that generality here. 

We denote the groups of cocycles and coboundaries by Z n (aU',S) and B n (aU',S) 
respectively and the cohomology group relative to {U°,U 1 } using the differential on 
C'(aW ,S) as H'(aU',S). We need of course that the maps are independent of the 
choice of refinement maps. Thus if 8' : J* — > I" is a refinement map then let 
6* : C n (aU',S) ->■ C n (aV,S) be given by (0» A = restriction of ip e{x) to V x n , where 
6(\) = e°(X ) . . . e°(X n )6 1 (X 01 ) . . . 1 (A( n _i) n ). As 9* commutes with the differentials, it de- 
fines a map 9* : H'(aU',S) — > H'(aV',S). We now have [Tu06t Lemma 4.5], for our 
context. 

Lemma 5.4. Let W and V* be open covers of Q* such that V* is a simplicial cover. 
Suppose that V* is finer than U* and that 9,$ : J* — > T* are two refinements. Then there 
exists H : C n (aW, S) -> C n ~\aV, S) such that ti* - 9* = dH + Ed. 
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Remark 5.5. We omit the definition of H and the proof of the above lemma, as they are 
both highly non-trivial, and we do not use them. 

Definition 5.6. The Tu-Cech cohomology groups H*(Q,S) of a topological groupoid Q 
are defined by H'(Q,S) := lim H'(aW,S), where the inductive limit is taken over all 
simplicial covers of W of Q* . 

Now, Lemmas 15.41 and 14.141 imply that there is a canonical map H°(U*,S) — > H*(Q,S) 
for any open cover 1A° of Q*, regardless of whether U* is simplicial or not. In practice, we 
usually work over a cover where, for n > 2, we have lA^ = Q^ n \ and will often assume 
this without comment. 

Example 5.7. For later use we describe 1-cocycles and 1-coboundaries for the groupoid 
g = G x X. Choose open covers U° = (U?) ieX o and U l = (Uj) jeX i of = X and = 
G x X. Then, for any index A = A0A1A01 G A' 1; U\ oXiXoi is the set of (g,x) G G x X such 
that g~ l x G U Xo , x G and (g, x) G U\ Q1 . Now, a 0-cochain is a collection ip = {4>x }x ei° 
of continuous functions ip\ : U® —> T, whilst a 1-cochain if = {y?}AeAi is a collection of 
continuous functions y3A AiA 01 : ^a AiA i ~~ ^- Therefore, a 1-coboundary is a 1-cochain 
such that there exists a 0-cochain ip with (j) XoXl (g,x) = ipx Q (g~ 1 x)* , ipx 1 (x). 

To describe a 1-cocycle, we use the following lemma: 

Lemma 5.8 ( [Tu06t Sect 5.2]). Let if = (y^AeA 1 ^ e a 1-cocycle. Then (p XaXlXoi does not 
depend on the choice of Aoi- 

Proof. The fact that dxu^P — 1 implies that 

1 = (p Xl x 1 x 12 (e, x)if XoXlXoi (g, x)if XoXlXoi (g, x)* = ^x 1 x 1 x 12 (e,x). 
Therefore, using Otu^P — 1 again implies that 

i Px x 1 x 02 (9,x) = if XlXlXl2 (e, x)if XoXlXoi (g, x) = ip XoXlX(n (g, x). 

□ 

Remark 5.9. Note that the proof does not use commutativity of T, so that the lemma 
applies equally to maps taking values in U (H) that satisfy the 1-cocycle identity. 

Therefore, <p is a 1-cocycle if for any (g,h,x) = ((g,h~ 1 x),(h,x)) G that satisfy 
s(g, h~ x x) = (gh)~ l x G U® Q , r{g,h~ l x) = h~ x x G U^, r(h,x) = x G U® 2 , we have 
<P\i\ a (h, x)p XoX2 (gh, x)*ip XoXl (g, h~ l x) = 1. 

The rest of this Section is devoted to proving: 
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Theorem 5.10 ( [Tu06[ Cor 5.9]). Let G be an abelian second countable locally compact 
Hausdorff topological group (with Haar measure) acting on a second countable locally com- 
pact H aus dor ff space X. Then there is an isomorphism T : Br^(X) — > H 2 (G x X, S). 

We need our own proof as Tu's does not provide the right approach for our main result. 
We first outline the construction of T and then justify the steps. Let (CT(X, 5), a) G 
Q5tG(X), and choose an open cover U° = {U Xo } XoeX a °f X such that there exist C (U Xo )- 
isomorphisms (local trivialisations) $ Ao : CT(X,5)\uo — > Co(U Xa ,JC). Then, perhaps after 
a refinement, there are continuous maps u\ \ 1 : U XoXl ~~ U(J-L) such that $ Al o = 
AdtiA Ai- Recall the "cover groupoid" from Example 14.61 Fix T G /C and a G CT(X,5) 
satisfying $\ (a)(g~ 1 x) = T. Then there is a continuous map /3 a,<1> : (G x XfW ])^ 1 ^ — y 
Aut/C: Pr^(g x u 1 ) {T) = <&\ 1 (a g (a))(x). Lemma 15.111 below will show that this is well- 
defined while Lemma 15.121 shows that there exists an open cover U 1 = {U\ 01 }\ ai eii of 
(G x = G x X and functions u XoXl x 01 e C(Ul x Xn , U(H)) such that P a '%i 

Ad-u AoAlAoi . Finally, if G is an abelian group, a simple computation using the definitions 
shows that for any {g ,gi,x) G ^ a 1 a 2 Ao 1 a 02 a 12 : 

Ad u Xl \ 2 \ 12 (gi, x) Ad u XqXi Xqi (g , g^x) = Ad ma o a 2 a 02 (9o9u x) ■ 

Therefore we may define a Tu-Cech 2-cocycle <fi(a) G Z(aW,S), by 

V 2 (a)A A 1 A 2 A 01 Ao 2 A 12 (fi'o,5 , i,a;) := u XlX2Xl2 (g!, x)u XoXlXm (g , g^ 1 x)u XoX2Xo2 (g g 1 , x)* , (5.1) 

and the map T is given by T : [CT(x, 5), a] t— > [<p(a)]. We now provide the missing proofs. 

Lemma 5.11. P? Xo (g x)Ai)(-0 ^ s independent of the choice of a G CT(X,S) satisfying 
$x (a)(g- 1 x) = T.° ' 

Proof. Let b be another element such that $ Ao (&) (<7 -1 x) = T. Then $ A() (a — b)(g~ l x) = 0. 
By |EW98l Lemma 2.1] and its proof, we can identify CT(X, 5)\x\{ g -i x } with 

C (X\{g- l x})-CT(X,5), 

and there exists / G C (X) and c G CT(X, S) such that f{g~ Y x) = and / • c = a — b. 
Then the calculation 

$ Al (a 9 (a - b))(x) = $Ai(a ff (/ • c))(z) = $ Al (r ff (/)a fl (c))(s) = /(^ _1 x)$ Al (a ff (c))(z) = 0, 
shows that $ Al (a s (a))(x) = $ Al (a 9 (6))(x). □ 

Lemma 5.12. There exists an open cover hi 1 = {U x 1 }a igx 1 °f (G K X)^ = G x X and 
functions u XqXiXoi G C{U{ x x ,U(H)) such that /3 a '*U = Adw AoAlA(n . 

u A A 1 A 01 
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Proof. Fix a pair of indices Ao,Ai G X°. Then, because U(l-C) —> Aut/C has continuous 
local sections, there is a collection of open sets C {(g,x) : g~ x x G U Xq ,x G U Xi } and 
continuous maps u m : — > U(H) such that {U^.} covers {(g, x) : g~ x x G U® Q ,x G 17° } 
and /^S*(px)Ai) = Ad u Mi (g 1 , x) for all (#,x) such that (g,x) G t/ Mi . Note that, for any i, 
Ul. is an open set in (G x A^ 1 ), and we define U\ \ im (g,x) := u m (g,x). This definition is 
close to our goal, except the open set is a priori dependent on Ao and Ai, so it is not 
obvious that for any other pair of indices, A 2 , A 3 G X°, there is a continuous map ux 2 x 3 ^ 
defined on {(g,x) : g~ x x G U® 2 ,x G 17° and (g, x) G U^}. On the other hand, if A 2 and 
A3 are another pair of indices such that D {(g, x) : g~ x x G U® 2 ,x G U® 3 } 7^ 0, we may 
define a continuous map u\ 2 \ 3lli on {(#, x) : <7 _1 x G U® 2 ,x G t/° and x) G [/*} by 

u>\ 2 x 3tH {g,x) := M AlA3 (x)M AoAlMi (5f,x)M AoA2 (5f _1 x)*. 

We then claim that 

^V)^) = Adw A 2 A 3W (S, *0 C 5 - 2 ) 
for all x) G {((?, x) : <? _1 x G U® 2 ,x G £7° 3 and (g, x) G U x }. Indeed, for any such element 
(g,x) we have by definition P^ {giX)Xz) (T) := $ Xs (a g (a))(x), where $ A2 (a)(# _1 x) = T. Of 
course, by inserting o $ Ao we have 

^o^o^AoCo)^ -1 ^) = T UAoA a (a;)$Ao(a)(^" 1 a;)«AoA a (^" 1 a;)* = r 
which implies $ Ao (a)((7~ 1 x) = u\ \ 2 (x)*Tu\ \ 2 (g~ 1 x) . Then, by inserting $ A " i 1 o$ Al we have 
P(£(g,x)\ s )( T ) = $ a 3 ^ ° $Ai(%0))(x) = w AlA3 (x)$ Al (a 9 (a))(x)w AlA3 (x)* 

= M AxA 3 (^)WA A 1Mi (9, x)u Xo x 2 (g~ l x)*Tu Xo \ 2 (# _1 x)u AoAlw x)*W AlAa (x)* . 

This proves claim (15.21) . Therefore, to define the open cover U 1 = {Ul oi } of G x X such 
that is implemented by unitaries defined on sets of the form Ul XlX , it suffices to 
take IA 1 to be the union of all the {U^} generated by all pairs of indices Ao, A x . □ 

Proposition 5.13. Let G be a second countable locally compact Hausdorff abelian group 
acting on a second countable locally compact space X. Then the map T given by 115. 1\) 
induces a homomorphism (denoted by the same symbol) T : Br^(X) — > H 2 (G x X, S). 

Proof. In constructing T : *Bxg{X) — > H 2 (G x X, S), we had to choose local trivialisations 
{$ A } of CT(X, 5), and the unitary lifts {wa AiA i} °f /^(a* 9 z)Ai)> and ^hus ^ * s no ^ c l ear that 
T is well-defined. First we assume that it is, and prove it descends to a map on BrRn(X). 
Below, we will omit mentioning that we may need to refine the cover at each stage. 

Let (CT(X,S),x) be outer conjugate to (CT(X,S),a). Choose local trivialisations 
* Ao : CT(X,6)\ Uxq C (U Xo ,JC), and let ^ {g>x)Xl) (T) := ^ (%,(&))(*), where 6 G 
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CT(X,5) satisfies ^1 x (b)(g~ 1 x) = T. Then there exists {w AoAlAoi } such that Pf\o(sx)x 1 ) = 
Adu\ x 1 \ 01 (s,x). By the definition of outer conjugacy, there exists a Co(X)-isomorphism 
$ : CT(X, 5) ->■ CT(X, 5) and a continuous map w : G ->■ UM(CT(X, 5)) such that 



$ ^Xs^W^V^R (5.3) 
w s+4 = w s a s (w t ). (5.4) 

Finally, we may also suppose there are continuous maps i% : C/a — ^ ^ (%) sucn that 

*Ao°^O^Ao = Adz/ A - (5-5) 

Using all these relations, we re-examine . Fix T G /C and let 6 e CT(X,5) satisfy 
^x (b)(-s-x) = T. Define a e CT(X,5) by a := which must satisfy ^ Ao o$(a)(-s- 

x) = T. Notice that, since \I/ Ao o $ = ^ Ao o $ o o $ Ao , the element a satisfies 

$ Ao (a)(-s • x) = Ad z/ Ao (-s • x)*{T). (5.6) 



Then /3 ( X 4 i2; ) Al )(r) := * Xl ( Xg (b))(x) = 9 Xl o $ o ^OfcWX*) 

=* Al o $ o $-i o $ Al o ^(^(^(a)))^) 
= Adz/ Al (x)$ Al (w s a s (a)u;*)(x) by fl5T3|) and (1531) 



= [Ad u Xl (x)$ Al (w fl ) (x)]$ Al (a s (a))(x) . 
From this calculation, using (15. 6 \ we obtain the relation: 

^(Xo(s,x)\i)( T ) =AdK(x)$ Al (w S )(s)MA A 1 A 01 (s,l)^ (-S ■ x)*]{T). 

Therefore there exist continuous functions r AoAlAoi : C^ AoAlAoi T and 



m A()AiA()1 (s,x) = r A()AlA()1 (s,x)z/ Al (a;)$ Al («; s )(x)M AoAlAoi (s,x)i/ Ao (-s • x)*. 
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Finally, let ^Xi(w go ){9i 1 x) = T so that x 1 ( 9l ,x)x 2 ( T ) = $\ 2 (a(w go ))(x), and then using 
Lemma [2.5[ the fact that G is abelian, and Equation (15. 4p we obtain 

V ? (x)a () AiA 2 AoiAo 2 Ai2 {go, 0i, x) = t Xi x 2 x 12 (g 1 , x)ux 2 {x)$x 2 (w gi ) (x)u Xl x 2 x 12 (gi, x)v Xl {9i l x)* 

x ^x (gi 1 go lx ) u x x 2 x 02 (gogux)*^x 2 (wg ogi )(xyux 2 (xyTx x 2 x 01 (9oguxy 

=d Tu Tx x 1 x 2 x 01 x 02 x 12 (go,gi,x)®x 2 (wg g 1 )(xy$x 2 (w gi )(x)ux 1 x 2 x 12 (g ,x)$ Xl (wgJig^x) 

X MAoAiAoi (#0, gi l x)u Xo X 2 X 02 (#001, x)* 

=V 2 (a)A A 1 A 2 AoiA ()2 A 12 (fi'o, gi, x)d Tu rx Q x 1 x 2 x m x 02 x 12 {go, 9u x)$x 2 (a(wg ))(xy 
x u Xl x 2 x 12 (go, x)<$>x 1 (w go )(gi 1 x)ux 1 x 2 x 12 (gi, x) 

Hv(a)d Tu T)x X 1 X 2 X 01 X a2 X 12 {go,gi,x)<!>x 2 (^go))(xy^x 1 (g u x)X 2 ( T ) 

= (p(a)d Tu T)x x 1 x 2 x 01 Xo2\i2(go, 9i, x). 

Therefore T(CT(X, S),x) = T(CT(X, 5), a), and T is constant on outer conjugacy classes. 

Finally, to see that T is well-defined, we use the same proof as above, except we set 
$ = id and w g (x) = 1. □ 

We claim the map T is an isomorphism. The proof of injectivity is self-contained while 
surjectivity depends on results external to this paper. First we show that if [CT(X,S),a] 
i-> 1 G H 2 (G x X,S), then CT(X,5) is c7 (X)-isomorphic to C (X,K). 

Lemma 5.14. Suppose T : (CT(X,5),a) i— > [<p(a)] G H 2 (aU',S), wherelA* is a simplicial 

open cover W of (G x X)' (from Lemma \4-14\ )- Let A be the isomorphism H 2 (X,S) - = >- 
if 3 (X, Z) and define F(tp) G Z 2 (U°,S) to be the Cech cohomology 2-cocycle given by 

F(<p) : x \-> <^{a)x x 1 x 2 ^x 1 )^x 2 )v(x 2 ){e, e,x), x G t/ AoAlAa . 

Then A([F(ip(a))]) = 5. 

Proof. Notice that, for fixed T G /C, if a G CT(X, S) is such that $ Ao (a)(x) — ^\ then 

/ 3 r4,,)A 1 )( T ) : = **(«.(«))(*) = $ Al o $-i(T). 

That is Pq^^ x ) Xi )( T ) = Adv AoAl (x)(T) for some transition function t> AoAl G C(U% oXl ,U(H)) 
corresponding to a vector bundle p : E X with fibre /C, such that 6 = [dv]. Therefore, 
given the maps m AqAiAoi G C(U\,U{^-L)) that implement /3 a,<1> , there must exist continuous 
functions p AoAlA „i : U{ H i(£ (0) ) ->■ T such that w AoAlAoi (e, x) = p AoAlAol (x)f AoAl (x). Thus, if 
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v denotes a 2-cocycle such that A([z/]) = 5, we must have 

</ ? («)aoAiA 2 AoiAo 2 Ai2 (e, e, x) = u Xl x 2 \ 12 (e, x)ma a 1 a 01 (e, x)wa a 2 Ao 2 (e, x)* 

= PAiA 2 Ai 2 (x)^AiA 2 (x)2>AoAiAoi (^)^A A 1 (x)PA A 2 A 02 (x)*^A A 2 {x)* 
= P\iX 2 X 12 (x)Pa AiA i (x)PA A 2 A 02 ( x )* l/ \ \ 1 \ 2 (x). 

In particular, if we now refine the cover to be simplicial, then the map defined by 
x i ^ PAiA 2 77(a 2 )(x)paoAi77(Ai)(x)pa a 2 77(a 2 )(x)* is a coboundary in (the group of ordinary Cech 
cochains) C 2 (U°, S), so the map F : Z 2 (aW, S) H- Z 2 (U°, S) given in the statement of the 
lemma satisfies A[F((p)] = 5. □ 

Corollary 5.15. The homomorphism T : Btg{X) > H 2 (G x X,S) is injective. 

Proof. Let (CT(X, 5), a) G 23tG-(X) and let IA° be an open cover of X such that there are 
trivialisations $ Ao : CT(X,5)\u x — > Cq{U\ ,K,). Choose an open cover U 1 of G x X and 
continuous maps ma AiA i : ^AnAiAm ~+ U W so tnat /^k 1 , . = Adu AoAlAoi , and then 
define f(a) as in Equation (15. ip . Let r denote the G-action on X and assume, perhaps after 
a refinement, that f(a) is a coboundary. We have to show [CT(X, 5), a] = [Co(X, JC),t] = 
in Btg(X). This means finding an isomorphism $ : CT(X,S) —> Cq(X,K.) such that 
$ o a o is exterior equivalent to r. For this purpose, we may assume U is simplicial. 
Now, as ip(ce) is a Tu-Cech coboundary, there exists a Tu-Cech 1-cochain <fi such that 

V 3 («)a a 1 a 2 AoiAo 2 a 12 {g, h, x) = Ai a 2 a 12 {h, x)(px \ 1 \ i {g, h~ 1 x)(p Xo \ 2 \ Q2 {gh, x)* . 

Observe that x h-» A()Al ^( Al )(e, x) defines a Cech 1-cochain in C 1 ^ , S), and moreover that 
the cocycle F(ip(a)) from Lemma [5. 141 satisfies 

F(<P( a ))*oXi*i x ) =^A„A 1 A^(A 1 ^(A 2 )^ 2 )(e ) e, z) 

=0A 1 A 2 ^(A 2 )(e, x)0 Ao A^(A 1 )(e, x)0 Ao A 2 ^(A 2 ) (e, x)* . 

Therefore F((p(a)) is a coboundary, and 5 = 0. Consequently, there exists a C*o(X)- 
isomorphism $ : CT(X,5) -> C (X,/C). 

That the continuous maps 0*m AoAiAoi : (fl',x) i-)> AoAlAoi (5 , ,a;)M A()AlA oi(fi , ? a; ) defined on 
^AnAiAoi are independent of A01 follows directly from the proof of Lemma I0T8I and we write 
{0*w Ao AiAoi} = : {^A Ai}- Moreover, {t>A Ai} satisfies 

Vx 1 x 2 (g,x)vx x 1 (h,g^ 1 x)v Xo x 2 (hg,x)* = 1. (5.7) 

Now, since fiT^u x )\ 1 ) = Adt> AoAl (e, a;) are the transition functions for some (locally trivial) 
bundle p : E X with fibre /C and CT(X, 5) 4 C (X, JC), it follows that p : E -»■ X is 
isomorphic to the trivial bundle IxK-^X Therefore, (perhaps after a refinement) there 
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exist continuous maps w : U® —> U(H) such that for all h G C (X,JC), $ Ao o = 
Adiu Ao (x)(/i), which implies that 

t'AoAiO) = IWa^^IUAoC^)*- (5-8) 

Let (g, ijeGxI, and let Ao and Ai be such that g~ x x G U® and x G £7° . We claim that 

(g, x) h> iy Al (x)*v Xo \ 1 (g, x)w Xo (g^x) (5.9) 

is independent of the indices Ao and Ai, and in fact is a unitary r cocycle implementing an 
exterior equivalence between $oa s o$ _1 and r. Indeed, let A and A^ be two other indices 
such that g~ l x G and x G f/^. Two applications of Equation (15. 7ft give the identities 

^A ( ,A 1 (5',a;)^Ao(e,fi'" 1 a;) = v x > oXl (g,x), and v x > oXl (g, x)v^(g, x)* =v Xl ^(g,x)*. 

Applying these as well as Equation ( 15. 8ft shows 

[w Xl (x)*v X()Xl (g, x)w Xo (g^x)} [wy a {g^xfvx^ (g, x)*^ (x)] 
= w Xl (x)*v XoXl (g, x)v x > ]Xo {g- l x)v x > oXli (g, xfw^ (x) 

= w^ixyvy^ig^^y^ig.xYw^ix) = w Xl (x)*v XlX/l (g,x)*w Xl (x) = 1 , 

proving that (I5.9P is independent of any choices of indices. To see that (15.91) is a unitary 
r cocycle, we need to check the conditions (12.21) and ( 12.31) . For ( 12.21) we have for any 
feC (X,JC), 

$ o a g o =$ o o $ Al o a g o o $ Ao o 

= Ad[w Xl (x)*v XoXl (g, x)w Xo (g' 1 x)]f(g- l x) 
= Ad[w Xl (x)*v XoXl (g, x)w Xa (g^x)} (r g f) (x) . 

For ( TO) , let (h,g,x) G (Gxl) (2) , and choose indices such that h^g^x G t/° , # _1 a; G E/£ 
and x G C/P . Then we may complete the argument as Lemma [231 and Equation ( 15.71) imply 

[w A2 (x)*v XlX2 (g, x)w Xl {g~ l x)\ [w Xl (# _1 a;)*?; AoAl (/i, g~ 1 x)w Xo (/i" 1 ^ 1 ^] 
= w X2 (x)*v XlX2 (g, x)v XoXl {h, g~ 1 x)w Xo (h^g^x) 

= w X2 (x)*v XoX2 (hg,x)w Xo (h~ 1 g~ 1 x) = w X2 (x)*v XoX2 (gh,x)w Xo (h~ l g^ l x). 

□ 

Before we prove surjectivity, we need a digression that will ensure, given a Tu-Cech 
cocycle <p, there exist continuous unitary- valued maps satisfying (15. ip . 
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Definition 5.16. A twist E over a groupoid Q is a principal T-bundle j : E — > Q^ 1 ' 
equipped with a groupoid structure such that E is a groupoid extension of Q^ 1 ' by x T: 

g<P)->g<P) xT4£ 4>e (1) . 

Two twists £ 4 and F 4 over are isomorphic if there is groupoid homo- 
morphism <fr : E F such that is a T-bundle isomorphism and the following diagram 
commutes: 



E 




F 



g(D 

The "Baer" sum of twists E and F over Q, is the twist E © F over defined by: 

E®F = {( 7l , 72 ) G £ x F : j^) = .72(72)}, 

with the obvious projection to With this operation, the set of isomorphism classes of 
twists over Q forms a group denoted Tw(Q). To give an example of a twist, we need the: 

Definition 5.17. Let Q be a topological groupoid. We define TZ(G) to be the set of 
continuous groupoid homomorphisms it : Q^ 1 ' — » Aut /C. 

Example 5.18 ( |KMRW98l Sect 8]). Let Q be a groupoid and let tt G ft(£). Then there 
is a twist -E'(vr) over Q given by -E^) := {(7, u) G £ x Ui^K) : 7r 7 = Adw}. The T action is 
the map t ■ (7, u) :— (7, tu), t G T, and the bundle projection is given by (7, u) i— >■ 7. 

The importance of the above example is captured in the next result. 

Proposition 5.19 ( |KMRW98l Prop 8.7]). Let Q be a second countable locally compact 
groupoid with Haar system. Then if E G Tw(Q) there is a ir G 7£((?) such that E = E{ti). 

The relevance of twists over a groupoid to Tu-Cech cohomology is the following: 

Proposition 5.20 ( |Tu06l Prop 5.6]). Let Q be a topological groupoid with Haar system. 
Then there is a canonical group isomorphism Twu(Q[U°],T) = H 2 (aU*,S), for each open 
cover U* of Q* where Twu{Q\U°},T) denotes the subgroup of Tw(Q[U }) consisting of ex- 
tensions (£[W°]) (0) (£[W°]) (0) xT4£^ (G[U°}) {1) such that j admits a continuous 
lifting over each open set U\, AG A^. 

To write down this canonical isomorphism, first let E G Tw^(£[W°], T) be a twist. 
By Proposition 15.191 we may assume E = E(ir) for some ir G 1Z(Q). Then, because 
E{tt) ->• (£[W°]) (1) has continuous liftings over each open set U\, there exist continuous 
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maps ItAoAiAoi : ^AoAxAq! ~> U {H) SUch that ^(ff,*) = Ad u a AiA i (flS x )- One then defines a 
cocycle <p G Z 2 (aW,S) as in Equation (15. ip . 

Corollary 5.21. The homomorphism T : Brc(X) i— )■ H 2 (G tx X, 5) zs surjective. 

Proof. Fix a class c G H 2 (G x X, 5), and an open cover ZY* of Q* such that there is a 
cocycle 93 with c = [f] G H 2 (aW,S). From the discussion just prior to this corollary, we 
know there exist continuous maps ma AiA i : ^a AiA i ~~ ^ such that 

^AoAiA2Aoi A02A12 {90, 91, x) := u Ai a 2 a 12 (gi, x)u Xl)XlX(n (g , g x x)u Xo x 2 \ 02 {g gi, x)*. 

We use this data to construct a (locally trivial) bundle over X with fibre /C, and then 
define an action of G on the C*-algebra of sections. First, note the above identity implies 

AdMAxAaAxa^i.a;) AdMA A 1 Aoi(5 , o,fi , r 1 a;) AdMA A 2 A 02 (5 , o5 , i,a;)* = 1- (5.10) 

Then, the proof of Lemma 15751 shows that Ad WaoAiAoi is independent of Aoi- Now, we 
define a bundle E A X as the set E := {(X ,x,T) : A G T°,x G U x , and T G JC}/ ~, 
where ~ is the equivalence relation (X ,x,T) ~ (Ai, x, Adu XoXl ,(e, x)T). The C*-algebra 
of sections Tq(E,X) of E is then a continuous trace C*-algebra. To define an action, let 
a G To(E, X), a(<7 -1 a;) = [Ao, g~ x x, T] and set (a g a)(x) := [Ai, x, Adu XoXl ,(g, x)T}. To show 
that the definition is independent of the choice of representative (Ao, g~ x x, T) and index Ai, 
choose another representative (X' , g~ 1 x,T') and index A^. By the definition of ~ we have: 
(Ao,# _1 x,T) ~ (A , g~ 1 x, Adu XoX ' o ,(e, g~ 1 x)T), which implies k' = Adu XoX > Q ,(e, g~ 1 x)k. 
This fact and the cocycle identities Adu x > Xl ,(e, x) Adu XoX > ,(g , x) Adu XoXl ,(g,x)* = 1, and 
Adu^,(g,x) Adux^.ie^^x) Ad ux y 1 ,(g, x)* = 1, imply 

[X[, x, Aduy^.ig, x)T'] = [X u x, Aduy iXl ,(e, x)m a ; ) a' 1 .(5', x)u XoX > o .(e, g~*x)T] 

= [Ai, x, Ad w A ' iAl .(e, x)m Ao a' 1 .(5', x)T] 
= [Ai,x, Adu XoXl ,(g,x)T]. 

Therefore a is well-defined, and we have an element (T (E, X), a) G *Bxg{X). By reversing 
this construction, it is easy to see that (T (E,X),a) maps to the cocycle tp under the 
homomorphism from Proposition 15.131 □ 

Thus we have injectivity (Corollary 15.151) and surjectivity (Corollary 15. 2ip of T proving 
Theorem 15.101 

6. Raeburn and Williams' Equivariant Cohomology 

Let G be a locally compact abelian group and N a closed subgroup such that G — > 
G/N and G — >■ N admit local sections and let ir : X — > Z be a locally trivial principal 
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G/iV-bundle over a paracompact space Z. Recall the definition of Hq(X,S) from the 
introduction, which we know from Lemma [1.11 satisfies Hq(X,S) = kerM. 

Theorem 6.1 ( |RW93bl Thm 2.1]). With G, N as above, if (CT(X,6),a) is an N- 
principal system such that the G-action r on X induces a principal G / N -bundle n : X — > Z , 
then there is a locally finite cover {W\ }\ oe x of Z by relatively compact open sets such that 

(1) for each Ao 6 I there is a Co('K~ 1 (W\ ))- isomorphism $a °f CT(X, 5)|„--i(w A ) 
onto Co(ir~ 1 (Wx ),)C) which carries a to an action exterior equivalent to r, and 

(2) for each pair A , Ai G X, there is a unitary v\ oXl G UM(Co(tt~ 1 (Wx x 1 ), JQ) such 

that $ Al °$Ac! = Ad ^AoAi- 

So for each Ao G X the isomorphism $a maps a to an action exterior equivalent 
to t on C (tt~ 1 (Wx ), £)■ This means there are (strictly) continuous maps ux : G — > 
C(7r~ 1 (W r A )) U(H)) such that for any section h\ in Cq{tt~ 1 {Wx )i /C) 

$ Ao o a gi o ^(h Xo ) = Ad «g o Tgi (h Xo ), = uf o (x)uf o (g^x). (6.1) 

It is also evident that for any Ao, Ai G X and appropriate sections in CT(X, o~)\w XoXl that 
$ Ao o Adit A * o r 91 o $a = o Adit A * o r gi o which implies that we have the identity 
$Ai ° ^a 1 ° Aduf 1 o r gi o $a o Q^ 1 = Adu 9 ^ o r gi . This means that, if h is a section in 
Co^-^oU/Qthen 

$ Al o o Adu* o Tgi o $ Ao o ®^(h)(x) 
=t%A 1 (a;)nf o (x)^ oAl (^ 1 x)/i(^ 1 ^)^A A 1 (^r 1 a;)nf o (a;)*^ (jAl = u^^xj/i^x)^^)*. 
Hence there is a collection of continuous functions ?7a Ai : G x n~ 1 {W\ \ 1 ) — > T defined by 
Vx Xi(gi,x) := uf^vx^ig^ullixyvx^ix)*. (6.2) 
Finally, there is the usual cocycle i / a AiA 2 : 7l ~ 1 (Wx x 1 \ 2 ) ~~ ► T given by 

^A A 1 A 2 (a;) :=^A 1 A 2 (a;)wAoA 1 (a;)^ A 2 (a ; ) ! (6-3) 
which clearly maps to the Dixmier-Douady class under A : H 2 (X,S) — > H 3 (X, Z). 

Proposition 6.2. The pair (v,r)) defines a class [u,rj\ in iJ^({7r -1 (WA )}, S) that is 
independent of the choice of local trivialisations $a an d continuous maps U\ Q : G — > 
UM{C {<k-\Wx ),K,)). 

Proof. It is easy to see that (v, if) defines a cochain in Cq({tt~ 1 (Wx )}\ ,S). Now we check 
the cocycle identities 

<90 20 = 1; d G <j) 20 d<p 11 = 1; and <9 G n = 1. (6.4) 
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That dv = 1 is an easy computation. For the second identity, in (16. 4p . we use the fact that 
certain groupings of terms take values in ZU(T-L), and so can be commuted: 

9v(di:-)x x 1 x 2 (x) := r]x x 1 (gux)r] Xl x 2 (gux)rix x 2 (9uxy 
= v? x \ [x)v XoM {9i l x)u 9 x \ [xfv XoXl {x)*u% (x)v Xl x 2 {Qi l x)u 9 ^ {x)*v Xl x 2 (x)* 

x i%x 2 (x)u{ 1 o (x)vx x 2 (gi 1 x)*u 9 x 1 2 (xy 
= "XoXtXi (x)* [u 9 x \ (x)w AoAl {gx l x)uf (x)*v XoXl (x)*}u% (x)v Xl x 2 {g^ l x)u 9 x \ {x)*v XoXl (x) 

x < 1 ( x )^oA 2 (5 , r 1 ^)*wf 2 (x)* 

= ^AoA!A 2 (x)*uf 2 (x)v Xl X 2 (g-r^Xi Ki ( X ) V X X 1 {9i l x)u 9 ^ (x)*Vx X 1 OrKoAj (x) 

= ^a A!A 2 {x)*uf 2 (x)v Xl x 2 (g^x^xox, {gi l x)v XoX2 (gi l x)*u 9 x \ (x)* 
= vxoX^ixYvxoX^Ag^x) = {d G vx aXl x 2 {gi,x)Y l . 

For the last identity, in (16 .4p . we use the same technique as above, Lemma 12.51 and the 
fact that G is abelian: 



d^AoAi (go, gi,x) := v? x \ {g^x)v XoXl (g Q l g^ 1 x)u 9 x ° o {g^ l x)*v Xo x 1 (gi l x)*u 9 x \ (x) 

x ^AoAx {gi l x)u 9 x \ (z)*«AoAi (x)*v XoXl (x)uf 91 (x)v XqXi (g^ 1 g^ 1 x)* u 9 ° 91 (x)* 
= [u 9 x \ (g^x)v XoXl (g^g^x^H (g^x)*v XoXl (g^x)*}u 9 x \ (x)v XoXl {g^x)u 9 x l o (x)* 

xuZWvxMgo'g^YK 91 ^)* 

= u 9 x \(x)[u 9 x \{g^x)vx Q xAgo 1 gi l x)u 9 x o (g^x)\^^^ 

x< 91 (x)^ oAl (^^r^)*< 91 (^)* 
= u{\ (g^x)v^ Xl (joV^K tor x *)*< w^rw^A.teV^T^ 

= 1 by ( 16. ID and Lemma [2.51 

To see that the class [v,rj\ is independent of the choice of {$ Ao } and {w Ao }, take local 
trivialisations * A() : CT(X, S)\ n -i( WxQ ) -> C (7r _1 (WA ), /C), maps w AoAl G Cq(-k~ 1 {W Xq ), K), 
w Xo G C(7r~ 1 (W Ao ), U(H)) and strictly continuous maps u Xo : G — >■ C , o(7r~ 1 (W Ao ), JC) with 

* Al ovl>^ = Ad^ oAl , (6.5) 

^o^-^Ad^, (6.6) 

V Xo o a gi o V x *(h Xo ) = Adul o r 9l (/i Ao ), (6.7) 

u{T( x ) = <( x )<M 1 x). (6.8) 
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Let (u,fj) be the cocycle associated to the choices {^a } an d {u\ } then using Equations 
(16. 5p and (16. 6p we see that there exist continuous functions 7a Ai £ C(7r~ 1 (W XoXl ),T) such 
that v\ \ 1 = •y\ \ 1 w\ 1 v\ \ 1 wl Q . Moreover, Equations (16.71) and (I6.6P imply 



Ad fig o Tgi (h Xo ) =V Xo o a gi o ^(h Xo ) = * Xo o o Adug o r 9l o $^ o * A > Ao ) 
= Ad w\ o Adug o Tgi o Ad< (/i Ao ). 

It follows that there exist continuous functions <j Ao : G — >■ C('K~ 1 (W Xo ), T) such that 

"gfa) =^Ao(»l,^)wAo(^M 1 (^)^A (»r 1 ^)*- ( 6 - 9 ) 

We now claim that (7, a) is a cochain and (P, 77) differs from (z/, 77) by the differential of 
(7, a). That dacr = 1 follows from a calculation identical to the proof that dot] = 1, using 
Equation (16. 9p . As it is straightforward to check v = (87) v, to prove our claim consider the 
other component fj XoXl (gi,x) := u 9 x \(x)v\ \ 1 (gi 1 x)u 9 x 1 Q (x)*v\ \ 1 (x)* , which can be written 

a Al (s-i, x)w Xl (x)u 9 x \ (x)w* Xl (^r 1 x)7 Ao A 1 (^r 1 ^)^ (^r 1 x)w Ao A 1 ter^Mo (^r 1 ^) 

x WA (^r 1 ^)Mf (x)*WA (x)VA (^i,x)*WA (x)wA A 1 (a;)*WA 1 (x)*7A A 1 (a;)* 
= a Xl (g 1} x)7a oAi (s-i" 1 ^)^ (s , i,^)*7a q a 1 (z)*ug (^HqAx (fl^Ko (^)*^a Ai (s)* 
= o-Ai (#1, a;)7A A 1 (gi 1 x)a Xo (g u x)*^ XoXl (x)*r/ AoAl (g u x) 
= 9a(g 1 ,-) XoXl (x)(8 G j XoXl (g h x))~ 1 r) XoXl (g 1 ,x). 

□ 



We have established that the image of (CT(X, 6), a) G *Bx G (X) in H G (X,S) is [u,rj]. 
One can then check, using the techniques in the proof above and those in the proof of 
Proposition 15.131 that this induces a map from kerM C Br G (A) to H G {X,S) (that is, the 
image is constant on outer conjugacy classes). 

Theorem 6.3. Let ir : X — > Z be a principal W 1 /IF -bundle over a C°° manifold Z , and 
let F G Z 2 (W, Z n ) be a representative of the Euler vector defined over a good open cover 
W of Z. Then there is a commutative diagram with exact rows: 

^H\W,S) ^Hi n {7r- 1 {W),S)^H k -\W,Af)^H k + 1 (W,S) 



id 



H k {W,S) 



UF 



id 
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Proof. We need only define the downward arrows H^„(n~ 1 (W), S) —> W F (W, S) and 
H k ~ 1 (W, J\f) — > W F (W, S), and the commutativity will follow immediately from the defi- 
nitions. Indeed, if (u, rj) is a cochain in C^ n (7r _1 (W), S), its image in C F (\V,S) is defined 
to be the triple (0 fco (z/, 77), 77), 0^~ 2 ^ 2 (z/, 77)) given by 

^(^iltliK 2 ) ^...^KviW). and 0M (fc_2)2 ■= 1. 

In order for this map to be well-defined on cohomology, it needs to commute with the 
respective differentials. To see that it does, we compute: 

rj) k0 + (-l) fc+ V(^, vf- 1]1 Ui F + (-l) fc+ V(^, ^) (fc " 2)2 U 2 C7(F)] At( ,.. Atfe+1 (z) 

= ©Lo(-i)V..a...m &+ i( c w(z)) + (-^V.^K.W) 

+ ©j^O 1 ( ~~ 1 ) l? 7/io ■ ■ -fii ■ ■ -M* ( ~ S MfcMfc+ 1 ( Z ) ' °Wi ( z ) ) 

+ (—1) 7 7/x .../x fe _ 1 ( — ■s Alfc _ lAtfc+1 , a Atfc+1 (2)) + (—1) ' f]fi ... f i k _ 1 (— s ^ fc _i^ fc (z), o~n k (z)) 

+ (—1) Vfj.o---fj.k-i (Ffj-k-iVkLik+i ( z ), °"/^ fc _i (z)) 
= ^ ... Mfe+1 (a Mfc+1 (z)) + (-l) fc ^ R n(^ ... Mfc )(-s /ifeMfc+1 (z),(7 /ifc+1 (z)) 

+ 9Vtlo-Hhi~ S MfeMfc+i' + ( — 1) + VtJ.o---tJ.k-i (~ a Mfc+i ( Z )) 

( — 1) VtJ.o-.-tJ.k-i(~ s f.k-if.k(z) ~ s^ k ^ k+1 {z) — F IMk _ llMklJik+1 (z), a fMk+1 (z)) 

+ ( — 1) ' VtJ.o---tJ.k-i (~~ s f.k-ipJk ( z )i Sfi k n k+1 (z) ' Gjj, k+1 {z)) 

+ (—1) Vf.o---tJ.k-i ( — ^tJ-k-itJ-ktJk+i (z), °~ti k+1 (z)). 

In the last line above we have used Equation (11.11) (i.e. 77^ is constant on orbits). Now 
we twice use the fact that c^n 77 = 1 so the previous expression is equal to 

+ ^..^(-^^(4^+1(2)) =0 (fc+1) °(^,(-l) fc ^Z/ + 97/) M ... Mfc+1 (2). 

On the other hand, we also have 

[^( i ,,r ? )( fc - 1 ) 1 +(-l)V(^^) (fc - 2)2 Ux F], ..., fc (m,.) = ©t (-l)^4t.l..>^) 
= ©to (-^YVtJo-^-tJk( m ^tJk(z)) - r] li0 ... lih _ 1 {m,a llk _ 1 {z)) 

= ©to (-±YVtJo-^-tJk( m i a tJk(z)) - ^o...^-i( m >^ fc (^)) 

=dm>...nrt m > (T i*( z )) = ( l )kl (9u,(-l) k d R nu + dv) IMi ... l , k (m, z) 
giving the required property of (^,77) t— > ((f)(v, v) k0 , 4>{v, v) 1 , 0(^5 v)^ k ~ 2 ^ 2 )- 
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For the other vertical arrow H k -\W,N) -> W F (W,S), the image of 7 G Z k 1 (W,A r ) 
is <^(7)w~Mfe-i( m ) z ) := 7/io-Mfe-i ( m ' ^) an d V 9 (7) ( ' fc_2 ' )2 := 1- This clearly induces a homo- 
morphism on cohomology groups, and commutativity of the diagram is immediate. □ 

7. Good Covers of Principal T"-Bundles 

For this Section we work only with Riemannian manifolds. So, let it : X — > Z be a C°° 
principal M n /Z n -bundle over a Riemannian manifold Z. We will show there is a good cover 
of X that pushes down to a good cover of Z. 
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Definition 7.1 ( |Spi79| ). 



(i) Let (M, g) be a Riemannian manifold, and U C M. Then U is said to be geodesically 
convex if every two points x,y G U have a unique geodesic of minimum length 
between them, and that geodesic lies entirely within U. 

(ii) Let 14 be an open cover of a Riemannian manifold (M,g). Then we call U geodesi- 
cally convex if every open set in U is geodesically convex. 

Note that every geodesically convex open set is contractible, and every geodesically 
convex open cover is good |Spi79| . 

Lemma 7.2. Let [Z, dz 2 ) be a Riemannian manifold and n : X — > Z a C°° principal 
W 1 /IT 1 -bundle. Then X has a geodesically convex open cover U = {U\}xex such that 
7r(U) := {^{U\)}\ e x is a geodesically convex open cover of Z . Moreover, there exist C°° 
local sections a\ : tt{U\) —> U\. 



Proof. Fix a connection 1-form u on ix : X — > Z, and let <, > denote a bi- invariant metric 
on the Lie algebra t of W 1 /17 1 . Therefore we have a M n -bi-invariant Riemannian metric on 
X defined by g := n*dz 2 + < lu,oj >. Moreover, with respect to the metrics g and dz 2 , the 
projection tt : X — > Z is a Riemannian submersion. 

Now let U = {U\} be an open cover of X consisting of geodesically convex sets defined 
as follows. For each x G X choose e > so that B x (e ) = exp{i; G TX X : \\v\\ < e } is 
geodesically convex (this is possible by |Spi79[ Vol. 1, Ex. 32, p. 491]). We claim, perhaps 
after choosing a smaller eo, that n(U) = {^(^a)} is a geodesically convex open cover of Z. 

To see that this is the case, observe that |Spi79[ Vol. 2, Ch. 8, Prop 7] and |FIP04[ Cor 
1.1] show that a curve 7 in Z is a geodesic in Z if and only if its unique lift to a horizontal 
curve in X is a geodesic. Moreover, |FIP04t Prop 1.10] says that, if 7 : / — > X is a 
geodesic such that 7(^0) is horizontal at x = 7(^0) , then 7 is horizontal. Finally, since 7r 
is a Riemannian submersion, the map dir : TX X — > TZ n M is a surjection that preserves 
the length of horizontal vectors. Therefore, if e.\ > is such that B ei (ir(x)) is geodesically 
convex in Z, let e = min{e ,ei}, and then n(B e (x)) = B e (7r(x)). 

For the last claim, if zq G B € (ir(x)), then there exists a unique geodesic £ contained in 
B e (ir(x)) for which there exists t G [0, e) with £(0) = 7r(x),£(t) = zq. From the above, 
there is a unique (horizontal) geodesic 7 in B e (x) such that 77(7) = £. Then we define 
a x (z ) := 7(f). This is a C°° section by [Spi79| Vol. 1, Ch. 9, Thm 14(2)]. □ 
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8. Isomorphism With The Equivariant Brauer Group 

In this Section we prove our main result, Theorem 11.31 Recall the projection tt 0,3 of 
H 3 (X, Z) onto the term of the Leray-Serre spectral sequence of n : X — > Z. Since 

E°J = {/ G C(Z,H 3 (R n /Z n ,Z)) : d 2 f = d 3 f = dj = 0}, 

we can view vr ' 3 as a map tt - 3 : H 3 (X,Z) -> C(Z, H 3 (R n /Z n , Z)), that can be calculated 
as follows. For each x G X, let t x : R n /Z n — >• X be the fibre inclusion i x : [t] t— > [—t] ■ x. 
Then, for 5 G H 3 (X,Z) we have (7r°' 3 5)(7r(x)) = l* x 5. We will denote the kernel of n ' 3 by 
H 3 (X,'Z) | 7r o,3 =0 . We begin our argument by introducing some notation. 

Definition 8.1. Let it : X — > Z be a C°° principal M n /Z n -bundle over a Riemannian 
manifold Z, and let U = {U\ }\ oe z be a fixed good open cover of X such that 7r(ZY) is 
a good open cover of Z. Also fix C°° local sections a\ : 7r([/> ) — > U\ and a cochain 
s G C Yl (7r(W), M n ) such that, for all indices Ao, Ai G X, and all z G 7t({7a ) ri7r(i7x 1 ), we have 
s \ *i{ z ) ' a *i( z ) = a \A z )i anc l s AiAi(^) = 0. Then we say the (X,U,s) is in the standard 
setup (with the space Z, projection ir : X — > Z and local sections {<J\ } implicit). 

Note that Lemma 17.21 implies that every C°° principal M n /Z n -bundle over a Riemannian 
manifold can be put in the standard setup. 

Our major task is to define a homomorphism S^ jS : BrRn(X) — > H| (7r(£/), S) that will 
eventually provide our required isomorphism. We first recall: 

Lemma 8.2 ( |RW98| Prop 4.27]). Let U be a contractible paracompact locally compact 
space, and (3 : U — >• Aut /C a continuous map. Then there exists a continuous map u : U — > 
U{U) such that (3 = Adu. 

Now let (CT(X, 5), a) be an element of 23tRn(X). In order to define Eu tS ([CT(X, S), a}) 
we need to revisit the construction of the map (3 a '* : (W 1 x X[W]) (1) ->■ Aut/C that was 
used as an intermediate stage in proving the isomorphism of Br^n(X) with H 2 (W l x X, <S). 

Definition 8.3. (i) As CT(X, 5) is trivialised over U, we fix local trivialisations $a : 
CT(X,5)\u x —> Co(U\,)C) so that f3 a '' s> may be defined in this setting by Pn^r 8 x \ Xl ) {T) '■= 
$\ 1 (a s (a))(x), where a G CT(X,S) is any element such that Q\ (a)(— s ■ x) = T. 
(ii) Introduce unitary valued lifts of /3 Q '* by letting {e^} be generators of Z n and recalling 
from Section [2731 that, for the trivialisations {$a }5 the maps $a ° a \z n ° are locally 
inner, so by Lemma 18.21 there exist continuous maps v\ Q : U\ — > U (H) such that $a ° 
a ei o = Ad v\ Q . Then we may define for any m G Z n 

v? (z) := «K (z)))^(vi (a Xo (z)))^ . . . K (a Xo (z))r^ (8.1) 
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which gives 

C {m ,. Ao( ,))A )(^) = Ad< ) (z)(T). (8.2) 



There is a map from 7r(C/ Ao ) nir(U Xl ) Aut/C given by z i— >■ ( z ) ieTAl (z))Ai)- Since 

7r(W) is a good cover of Z, the open set vr(f/ Ao ) PI 7r(C/ Al ) is contractible, and there exists a 
continuous map v Xo \ 1 : n(U\ ) D 7r(C^Ai) ~ ^ ^(^) that satisfies 

^5o*(-^ a 1 W,^ 1 W)Ai) = Ad? W4 (8.3) 

Next, S WjS [CT(X,5),a] will be a triple [0(a) 20 , 0(a) 11 , 0(a) 02 ]. Define the last compo- 
nent 0(a) 02 G C°{tt{U),M) by: 



aK „z 



(where ^"^(oaq^))* is defined using Equation (18.11) ). For the middle component, note 
that since a is a homomorphism and R n is abelian 

Adv XoXl {z)v™ {z) =/3 (Ao( _ SAoAi(2;)i(7Ai(z))Al) /3 ( A o(mi(7AoW)Ao) = P(x (-s XoXl ( Z )+m,cr Xl (z))\i) 
-P(X (m-s XoXl (z),a Xl (z))X 1 ) ~ P(X 1 (m,a Xl (z))X 1 )P(X (-s XoXl ( Z ),a Xl (z))X 1 ) 

=Ad<0zK Al (4 

We prove in Lemma [8.61 that the map m i— > v x n i (z)v\ \ 1 (z)v x n o (z)*v\ \ 1 (z)* is a homomor- 
phism from Z n to T. This being the case, we may define 0(a) 11 G C 1 (n(U),J\f) by 

0(«) A 1 oAl (m,^) := "JJW^WWXa.W*- (8-5) 
Finally, to define the third component, we use a similar calculation to the previous one: 

Ad v Xl a 2 A Ai (^) = /3 {Al { _ SAiA2 (z))(TA2 (z))A2) /3 (Ao( _ SAoAi (2)j(TAi (z))Al) 

~~ "(A (-sa a 1 (2)-sa 1 a 2 (^)^a 2 (2))A 2 ) ~~ P{X {-s XoX2 (z)-ds XoXlX2 (z),a X2 (z))X 2 ) 
oa,$ /Q<^i < J' A J I \ ~ ® s X§X\\<i ( z ) / \ 

- P (A (- S A A 2 W,-A 2 ( 2 ))A 2 )^(Ao(-S SAoAlA2 ( Z ),a A2 (,))Ao) - Aai; A A 2 l^ Ao ^j. 

Therefore we may define the cochain 0(a) 20 G C 2 (tt(U),S) by 

0(«)a°a 1 a 2 (^) : = ^A 1 A 2 (^)^AoA 1 (^)^ AoAlA2(z) (^)*t%A 2 (^*. (8.6) 

It is then immediate that the triple (0(a) 20 , 0(a) 11 , 0(a) 02 ) is a cochain in C? s (tt(U), S). 
Later we will see that it is .D^-closed and hence gives our required map 

: (CT(X, 5),a)^ [0(a) 20 , 0(a) 11 , 0(a) 02 ]. (8.7) 

Presently though, we state a lemma relating 0(a) 02 to the Mackey obstruction. 
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Lemma 8.4. Let f G C(Z 7 M%(T)) be the Mackey obstruction of (CT(X,5),a). Then 
#«)g = fUu Xo ) and niK^nWZWv 1 ' = <(^o(^)X(^o(^)X +Z (^oW)*- 

Proof. Apply the definition of the Mackey obstruction and ( 12. lip and 1 12. 10p in Section 
1231 □ 

Next we need to see how (0(a) 20 , 0(a) 11 , 0(a) 02 ) compares with the Tu-Cech cocycle (p(ct) 
that is, the image of (CT(X,6),a) under T : Br R n(X) -»■ H 2 (R n x X,S). Recalling the 
construction of T from Theorem 15. 101 we know there is an open cover U 1 = {U Xol } of M. n k! 
and continuous maps ua AiA i : ^a AiA i ~^ U {H) such tnat P a '*\ul x lX = Adn AoAlA(J1 , and 
so T(CT(X,5),a) >->■ [y?(a)] is given by Equation 1 15. ip . 

Lemma 8.5. Let (X,U,s) be in the standard setup, fix (CT(X,5),ot) and local trivial- 
isations {$a } defined overU. With these choices define T : (CT(X,5),a) H- [y?(a)]. 
Assume (CT(X,5),a) generates (0(a) 20 , 0(a) 11 , 0(a) 02 ) as preceding \8. 7| ). Then, for any 
open sets U{ oi ,U{ w G U 1 such that (s XoXl (z),a Xl (z)) G £/"a AiAoi and ( m > a A„) e ^a a a 00 ' 
there are continuous maps t a 10 AiAoi : {z G tt(U Xo ) rnr(U Xl ) : (-s A()Al (z), cr Al (2:)) G f/^J -»■ T 
and r 01 Aoo (m, •) : {z G 7t({7a ) : ( m ) cr A ( 2; )) £ ^a 00 } ~~ ^ snc ^ that for arbitrary indices 
A' 01 ,A' 02 satisfying (s XoXl (z) +m : a Xl (z)) G £7^ , (-s A()Al (2;) - s Ai a 2 (z), ^(2)) e t/j^ 
following three identities hold: 

II 'K^AoO)^ =r AoAi 2 (^ Z ) r AoAoi( m ' Z ) T AoAo2( m + Z ) VO)aoAoAoAoiAo 2 A 12 (m, I, (T Xo (z)), 
l<i<j<n 

^HaIa!^'^ =r A 1 \n( m ' Z ) r AoAoo( m ' Z )V(«)AoA 1 A 1 A 01 A^ 1 A 11 (-SAoA 1 (2),m,^ 
X ^(^AoAoAiAooA^Aoi s AoAi («), <? Xl («))*, 

0(«)aoA 1 a 2 (^) = 7 "a 1 1 °a 2 a 12 ( z )rl° oXlXoi {z)t x I Xoo (-ds XoXlX2 (z), z)*t^ X2Xo2 (z)* 
X ^(«)a A 1 A 2 AoiA^ 2 A 12 (-SA0A1 (z), -s Ai a 2 (z), a M (z)) 
x ^(«)aoAoA 2 AooA[ )2 a 02 (-^a a 1 a 2 (2), -s XoX2 (z),a X2 (z))*. 

Proof. By the definition of /3 a '* and the local lifts {i*a AiAoi} we ^- now 

Ad^ AoAl (z) =/3 ( a A *_s AoAi(2)i(TAi(z))Ao) = Adn AoAlAoi (-s AoAl (2;),a Al (z)). 
Therefore there exists a continuous function t a ° AiAqi , as required, defined by 
vxoXi(z) = tI° oXiXo1 (z)u XoXiXoi (-s XoXi (z),(t Xi (z)). 
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Similarly, define rjg^ by the equation uJJ(z) = r^ Aoo (m, z)u Af)AoAoo (m, ct Ao (z)). Then, usin^ 
Lemma [8. 4[ we compute: 

n #«)2W i= n w^i^uKKw^wr 

l<i<j<n l<i<j<n 
.01 /? _\„. /? _ /„N\_01 



r A A 12 z )u\ \ a \ 12 (I, v\ (z))r XoXoi (m, z)u Xa x a x ai (m, a Ao (^))u AoAoAfl2 (m + /, a Ao (»)* 

^Sam (*> Z ) T AoAoi ( m ' Z ) r AoA 02 ( m + Z > ^)V(«)AoAoAoA 01 A 02 A 12 (m, /, C^oO))- 



The second identity is a similar computation, but we need to choose an index A 01 such that 
(— s AoAl (z) +m,(T Al (^)) G Uy and introduce the terms 

U Ao A 1 A; )1 (m-SA A 1 (^),0-A 1 (^))*WA A 1 A; )1 (m-S AoAl (^),(7A 1 (z)). 

Doing so after the third equality sign below shows 
<P(a)\l Xi (m,z) = v™(z)v XoXl (z)vZ(zyv XoXl (zy 

= T\i An ( m ' 2: ) M AiAiAn (m, <T A i WKqAiAoi W U A AiA 01 (-^AqAi (z), (? Xl (z)) 

x u XoXoXm (m,a Xo (z))*r^ oXoo (m, z)*u XoXlXoi {-s XoXl {z),a Xl {z))*Tl° XlXoi {z)* 
= r A ° 1 1 All (m,z)r A o 1 Aoo (m,z)* 

X WAiAiAu (m, C7 Al (z))n AoAl Aoi (-SAoAx (z), o-Ax (^))«a a 1 a' 01 (m - s AoAl (z), a Xl {z))* 
x m a AiA 01 (m - s XoXl (z), a Xl (z))u XoXoXoo (m, a Xo (z))*u Xo x 1 x 01 (s^x, (z), a Xl (z))* 

= T\i An ( m ' 2; ) T A 1 Aoo ( m ' 2 )X«)AoAiAiAooA; n Aoi (z),m, <7 Al (2)) 

X <^(a)AoAoAiAoiA^Aii (™, -S AqAi (z), (T Al (*))*. 

Finally, for the last identity we choose an index A 02 such that (— s AoAl (z) — 
s AiA 2 (- 2 )) a \2( z )) e ^a 02 ' an d introduce the term: 

«a AiA' (-saoAi(^) - sa 1 a 2 (^),o-a 2 (^))*wa a 1 a^(-sa a 2 (^) - <9s AoAlAa (z), a A2 (z)). 



Then we see that 
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a )T XiX 2 (z) = v Xl x 2 (z)v XoXl (z)v x ° Sx ° XlX2 z (z)*v XoX2 (z) 



T 



AxA 2 A 12 (z)u Xl X 2 X 12 (-SAiAa 0) , ^A 2 0))"T A()AlAol (z)u XoXl X 01 (s XqXi (z), (T Xl (z)) 

x u AoAoAoo (-ds XoXlX2 (z), a Ao (^))*r^ Ao() (-<9s AflAlA2 (z), z)* 
x M A A 2 Ao 2 (-SAoA 2 (2),a A2 (z))*r A 1 o ° A2Ao2 (2;)* 

= r A°A 2 Ai 2 ( Z ) T AoAiA i ( Z ) T AoA 00 ( — ^ s A AiA 2 ( z ) i z) r AoA 2 A 02 ( Z ) 
X ^A!A 2 A 12 (-S Al Aa ^A 2 (z))u XoXlX(n ( ^AqAi (z), CT Al (z)) 

X m AoAiA( ' )2 (-s A()Ai (2;) - s Xl x 2 (z),(7x 2 (z)yux x 1 x' 02 (-sx x 2 (z) -ds Xo x 1 x 2 (z) 1 ax 2 (z)) 

x "AoAoAoo (-^SAoAiAa (z), 0% (z))*U Xo x 2 X 02 (s\ \ 2 (z), &X 2 («))* 
= r A°A 2 Ai 2 ( 2 ) T AoAiA i( 2; )' r AoAoo( — ^ S A AiA 2 (^)) 2 ) r AoA 2 A 02 (*0 
X v(a)AoAiA 2 AoiA' 02 Ai2 (-SA0A1 (z), -«A!A 2 (z), Ox 2 (z)) 

x V ? («)a AoA 2 Aooa; )2 a 02 (-5s AoAlA2 (z), -s XoX2 (z), a X2 (z))*. 

□ 

Lemma 8.6. The triple (0(a) 20 , 0(a) 11 , 0(a) 02 ) defines a cocycle in Z^ s (tt(U),S). 

Proof. First we check that (0(a) 20 , 0(a) 11 , 0(a) 02 ) is a cochain. This is clear except for 
whether 0(a) 11 homomorphism from Z™ to T. To see this apply Lemma I&41 to the definition 
of 6( a) A 1 Ai . Using that T is central we have the required relation: 

<P(a)x xM + 1> z ) ■.=vl + \z)v XoXl {z)vl + \zYv XoXl {zY 

=< (z>™ (z^xox, {z)v% (z)*v XoXl {z)*v Xo Xi {z)v l Xo (z)*v XoXl (z)* 
=0(«)a 1 o a 1 (™, z)v l Xl (z)v XoXl (z)v[ Q (z)*v XoXl (z)* 

=0(«)aoA 1 ( m > ^)0(«)aoA 1 , 

To check that (0(a) 20 , 0(a) 11 , 0(a) 02 ) is a cocycle requires first that d(j)(a) XoXl (z)ij = 1, 
which is immediate from 0(a) 02 = /|t/ A (Lemma 18. 4ft . Then we need 

maY x l XlX2 (m,zY= J] ^(a)g(z)^^ W ^- m ' & ^^ ( ^, and (8.8) 

l<i<j'<n 

^(«)^A 1 A 2 A3(^)=0(«)IoA 1 (^A 1 A 2 A3(^)^) II ^H^^ 3 ^ (§-9) 

l<i<j'<ra 
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For identity (18. 8p . we use 

P (Xo(-ds XoXlX2 (z),a X2 (z))X ) ~ yP(Xo(-s XoX2 (z),a X2 (z))X 2 )> P (Xi (-s Al a 2 {z),a X2 (z))\ 2 ) P (\ {s XqXi (z),a Xl (*))Ai ) 

implying that there is a continuous map 7a A!A 2 : ^(^Ao) H tt^aJ H 7t(£/a 2 ) — ^ T sucn that 

v -a«XoAiA a * = 7A[)AiA2 ( 2; ) t%A2 (2:)* WAiA2 (2:) UAoAi ( 2 :). 
Using this fact, we deduce 



n < 

l<i<j<n 



( \02( \9s XoXlX2 (z) i m :j -m i ds XoXlX2 (z) : j 
{ a )\ \ Z )ij 



n ^ a )Z( z h 

l<i<j'<n 



02 / \-9sx x 1 x 2 (z) i mj+m, i 8s Xo x 1 \ 2 (z)j 



= v \ ( z ) v \ (^K 2 0) V X 0) 

= v \ \2 ( z )* v \i\2 OKoAx {Z)V™ Q {z)v XoXl (z)*V Xl X 2 (z)*V Xo X 2 {z)* . 

At this point, we introduce the terms v™ (z)*v™(z) and v™^)* v^z) and use Lemma \2. 51 
so that the previous calculation now produces (cf. (18. 8p ). 

^A () A 2 (Z)VZ (zTv XoX2 (z)*V XlX2 (Z) [ VXoXl (Z)VZ (z)v XqXi (*)*< (*)>™ (z)v XlX2 (z)*«™ (*)*< 2 (*) 

= (Pi^H^im, 2)>(a) A 1 oA2 (m, 2)^(a)iJ Aa (m, z)*. 

As (18.91) involves noncommuting unitary operators we appeal to the relationship of 
(0(a) 20 , 0(a) 11 , 0(a) 02 ) with the Tu-Cech cocycle <p(cx) from Lemma IH751 We use six identi- 
ties that come directly from the Tu-Cech cocycle identity. To simplify the notation, denote 
indices A, indexing sets in the cover ir(U) of Z by just i. We will also write -F 012 , s i and 
Zq instead of ds XoXlX2 (z), s XoXl (z) and cr Xo (z) respectively. The six identities are as follows: 

V 2 (a)023A 12 A' 13 A 23 (--5l2, S 23 , Z 3 )<f(a) 03Xoi X > nXl2 (-S 01 , S 12 , Z 2 )* (8.10) 
= V 3 ( a )o23A^ 2 A i 2 3A 23 ( — -^012 ~ S02, ~ ^23, ^3)v 9 ( a )oi3AoiA(,i 2 3A' 13 (~ SOI, ~ -^123 — s 13, Z 3 )* , 

<^(«)o23A^Ao 123 A 23 (-^012 ~ %2, S 23 , 2 : 3)<^(«)o23Ao 2 Aj ) ' 3 A 23 (~ s 02, S 2 3, Z 3 )* (8.11) 
= V 9 ( a )o03Aoi 2 A i 23 A( ) ' 3 ( — -^012, —-§02 ~ «23> ^3)^(tt)o02A i 2 A^ 2 A 02 (~ -^012, —-§02, Z 2 )* , 

V 9 («)oi3A ()1 Aoi 23 A' 13 (-soi, --P123 - S13, z 3 )* = <p(a) n3Xl23X > 13Xl3 (-Fi 23 , -513, Z 3 ) (8.12) 
x ^(«)oi3a; )123 a i 23 a 13 (-soi - F 123 , -S13, z 3 )* x ^(a) iiA ()1 A; n23 A' 123 (-soi, -F 123 , Zt)* 

^(«)oi3A^ 123 A' 13 A 13 (-^i23 - s 01 , S13, z 3 )<p(a) i 3Xol a; )3 a 13 (s i , -S13, z 3 )* (8.13) 

= ^(a)o03Ai 23 A i 23 A( )3 (--Fl23, — S 1 - S13, Z 3 )<f(a)ooi\ 123 X' 0123 X 01 (—^123, ~ S01,^l)*, 
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^(a)003A 123 A i23A; )3 (- i71 123, ~^013 ~ Z 3 )* (8.14) 
= V 9 ( a )o03A; ) ' 123 Aoi23Ao 3 ( _ -^123 ~ ^013, -S03, ^ 3 )* 

X ^(a)000A 123 A^ 23 Aoi 3 (--^123, --^013, Z ) V( a )o03A i 3 A^A 03 ("-^013, S03,Z 3 ), 

V 9 ( a )o03A^ 23 Aoi2 3 Ao 3 (-^012 ~ -^023, SQ3, Z 3 )* = V 9 ( Q; )o03Ao23 A^Aqs ("^023, ~S03, Z 3 )* (8.15) 
x V 9 ( a )o03A i2A 01 2 3 A( ) ' 3 ( — ^012, —^023 — %3, z 3) V( a )oOOAoi2AoiA 23 ( — -^012, —-^023, Zq). 

We use these in the order they are presented to perform the computation below. 

V 9 («)l23A 12 A' 13 A 23 (--Sl2, -523, Z 3 )ip(a) 023 \ 02 \» 3 \ 23 (~ s 02, -S 2 3, Z 3 )* 

X < ^(a)013A O iA; )3 A 13 (-S01, -Sl3,^3)v 9 («)012AoiA^A 12 (-S01, -S12, Z 2 )* 
=V 9 ( a )023A^A 01 2 3 A 23 , (--^012 ~ ^02, -5 2 3, 23)v?(a)o23Ao 2 A^A23 ( _s 02, -5 2 3, Z 3 )* 

X < ^(a)oi3AoiA; )3 A 13 (- s 01, -Sl3, ^3)v(«)oi3AoiAoi23A' 13 (-Soi, --^123 ~ «13, ^ 3 )* by (|8.10|) 
=< ^( a )o03Aoi2A i23A^ 3 (— -^012, —-502 ~ -§23, Z 3 )(p(a) 002 x 012 \' 02 \ 02 ( — -^012 , —-502, Z 2 )* 

X V 3 (a)013A ol AJ )3 A 1 3(--501, -S13, Z 3 )^(a) 013 X 01 X 0123 X' 13 (-«01 , ~^123 ~ S13, Z 3 )* by (|8.11[) 
= < ^(a)o03Aoi2A i23A; ) ' 3 (--^012, -S02 - S 2 3, ^3)V 9 ( a )o02Aoi2AJ )2 Ao2( _ ^012, ~ «02, ^2)* 

X ^(«)013AoiA; )3 A 13 (-501, -513, Z 3 )(p(a) 113Xl23 X' 13 \ 13 (~^123, -Sl3, *s) 

x ^(a)oi3A ( ' )123 Aoi23Ai 3 (-soi - F 123 , -S13, ^ 3 ) V(a)oiiA 01 A' 0123 A' 12 3 (-501,-^123,21)* by ([SII2} 

=V 9 ( a )o03Aoi2Aoi23A; ) ' 3 (-^012, ~%2 ~ S 2 3, 23)V 9 («)o02A 01 2A; ]2 A 2 (--^012 , "502, Z 2 )* 
X ^(a)ll3A 1 23A' 13 A 1 3(-^123,-Sl3,2 3 )v(a)oilAo 1 A^ 23 A' 123 (-501,-^123,^0* 

X V 2 (a)o03A 12 3Aoi23A( )3 (-^123, Sqi ~ S 13 , Z 3 ) V(«) 01A 1 2 3 A^ 23 A i (~^123, -S 1, Zl) by (18JJ) 
=< / ? ( a )o03Aoi2A i23A; ) ' 3 ( — -^012, —^023 ~ S03, Z 3 ) V?( Q! )o02Aoi2A{ )2 Ao2 (~ -^012 , ~ 502, Z 2 )* 
x V?(a)ll3Ai23A 13 ,Ai3(--^123, -513, Z 3 )(p(a) 011 x 01 \' 0123 X' 12S {Sqi , "^123, Zl)* 

X ^(a)003A 12 3A i23A ( ' )3 (-^123, ~^013 ~ %3, «a) V(«)o01A 123 A^ 123 A i (~^123, -S 1, Z X ) (Bs = F) 
=V 9 ( a )o03Aoi2A i23A; ) ' 3 ( — -^012, —F023 — S 3, 2<3 V(aOo02A i2A ( ' )2 A 2 ( — -^012 , ~ S02, Z 2 )* 
X ^(a)ll3A 12 3A' 13 A 13 (-^123, -513, Z3) ^(a)oilAoiA' 0123 A' 123 (-5 1, -2*123, *0* 
x V 9 («)o03Aoi3A^ 3 Ao 3 (--^013, "503, 2 3) ( / : '(«)o03A;; i23 Aoi23 A 03 ( _ -^123 ~ ^013, "503, Z 3 )* 
X ^(a)000A 12 3Aj ) ' 123 Aoi3(- i71 123, -2*013, Zq) V(«)o01A 123 A^ 123 A i (-2*123, -s i, z x ) by (|8.14|) 
=^(«)o02Aoi2A^ 2 Ao2 ("2*012, ~S02, ^2)*^(a)ll3Ai23A' 13 Ai 3 ("2*123, "513, Z 3 ) 

x V 3 (")o03A () i3AJ )3 Ao3(-^013, "503, Z 3 )<p{a)w 3 x 02 zX£ 3 *03 (-2*023, "503, ^3)* 

x V 9 ( a )000Ai23A; ) ' 123 A ( ,i3( _ -^123, -2*013, z o) VWoOOAowA^gAtm (—2*012, -2*023, z ) 

X ^(a)o01A 1 23Aj )123 A () i(-^123,-Soi,^l)^(«)oilAoiAj )123 A' 123 (-501,-^123,^0* b Y (|8.15p. 
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Summarizing the above computation we have 



^0)l23A 12 A' 13 A 23 (- s 12, -S23, z s) V?0)ll3A 123 A' 13 A 13 (~^123, Sl3, Z 3 )* 

X V 2 (")o23Ao 2 A; ) ' 3 A23(- s 02, -«23, Z 3 ) V(«)o03A 023 A^Aos (-^023, ~S03, Z 3 ) 
X V 2 ( a )oi3A iA; )3 A 13 (--5oi, -■5l3,^3)^(«)o03Aoi 3 Aj )3 Ao3(- i7 013, ~«03, ^3)* 
X V 2 (")012A 01 a; )2 Ai 2 (-S01, -Sl2, ^2)V(«)o02Aoi 2 A^A 02 (--^012, ~%2, Z 2 ) 
=V 3 ( a; )000Ai 23 A^ 123 A(,i3( _ -^123, --P013, ^o)*V 9 ( a )oOOAoi 2 A( ) ' 123 Ao 2 3( _ "-^012, —-^023, ^o) 

X ^(a)oilA 01 A^ 23 A' 123 (-Soi, --^123, 2l)V(tt)001A 123 A; )123 A ol (-^123, -5 1, Zl). 

To see what this has to do with identity (18.91) . we invoke Lemma l8~5l Using those identities 
in the above equation, and canceling out the r terms gives 



^(«)A°A 1 A 2 A3=^(«)A 1 oA 1 ( i71 A 1 A 2 A 3 (^)^) ]J ^)fM 



\20 _ J,(„,\U (TP. . . f-y\ -r\ TT ^^^02^N- F A A 1 A 2 (^)i-F , A A 2 A3(z)j--F , A 1 A 2 A 3 (^)i-F , A A 1 A3(z)j 

Hj 

l<i<j<n 

\02/_\ C ( Jr )AoA 1 A a A3(«)ij 



= 0(«)a 1 o A 1 (^A 1 A 2 A 3 (^)^) II #«)2(*)< 

l<i<j<n 

which is what we wanted to show. □ 

Lemma 8.7. Let (X,U,s) be in the standard setup. Then the map in fl#. 7| ) is well- 
defined and constant on outer conjugacy classes, and therefore defines a map (denoted by 
the same symbol) Eu jS : Brign(X) — > H| (7r(£/), S). 

Proof. In constructing S^ iS we had to choose local trivialisations {$a} of CT(X, S), and the 
unitary lifts {v Xo } and {i; AoAl } of ^ {rn ^ o{z))Xo) and /^(.^a^),^)^) respectively. Let 
us first assume that Eu, s is independent of these choices and prove it descends to BrRn(X). 

Let (CT(X,S),x) be outer conjugate to (CT(X,S),a). Choose local trivialisations 
\& Ao : CT(X, 8)\u Xq ~~ C (U\ ,JC) (since U is good), so that there exists and 
v XoXl such that Plf (mtaXo{z))Xo = Ad and /3j*_ SA(jAiW)0 . AiW)Al = Ad v XoXl (z). Then 

E u , s ((CT(X,6),x)) = [0(x) 2O ,0(x) n ,0(x)° 2 ] is defined by 

Hx)f (zh :=v{ (a Xo (z))v\ o (a Xo {z))v^ (a Xo (z))*, 
0(x) u (m,z) ^(^(^KW^W*, 

<K X ) 20 (z) :=^ lA2 (z)C AoAl (z)^^^ 2 W (z) ^ AoA2W *. 
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Observe that the definitions of {v\ } and {^a Ai} i n f 18 . 2 j) and (18. 3 p imply for any 
a G CT(X, S) and any indices A , Ai that 

($ Ao o a m (a))(a Xo (z)) =v%(z)<S> Xo (a)(a Xo (z))vZ(z)* , m G Z n , (8.16) 

($ Al o a- SA(jAl (,)(a))(«7Ai(«)) =^A A 1 (^)^Ao(a)Ko(^))^A Ai(^)*- (8.17) 

As in the proof of Proposition 15. 13} we find there exists u Xo : U\ — > U (H) such that 
V Xo o<£>o$^ = Adu Xo , and 



fi(Ao(m,ax (z))\ ) ("D = Ad[z/ Ao (<7 Aq (^))$A (^m) (o"A (z))^ { z ) v \o (°"A (X))*] CD> 
/3( A ;%a a 1 W,<xa 1 W)A 1 )( T ) = Ad KK 1 (^))^(^ AoAl (,))(ffA 1 (2;))t%A 1 (2;)^Ao(^Ao(^)1(T). 

Therefore there exist continuous functions r A( J(m, •) : 7r(£y Ao ) ~~ * ^ an d r AoAi : ^(^Ao) H 
^(^Aq) ~~ >* T such that 



< ( Z ) = r Ao( m ^)^o(^Ao(^))$Ao(^ m )K ) (^))^A n o (^)^AoK ) (^))*, 

t'AoA! (z) =r A 1 ° Al (z)i/ Al {<r Xl (z))$ Al (™- SAoAl (*)) (°"Ai {z))v XoXl {z)v Xo (a Xo (z))* . 

Now we recalculate (0(x) 2t \ ^(x) 11 ; 0(x) 02 ) using these equations, with the purpose being 
to show (t 10 ,t 01 ) is in fact a 1-cochain in Ci (ir(U),S) such that 



(0(X) 2 °, 0(X) U , 0(X)° 2 ) = (0(«) 2 °, 0(a) 11 , 0(a) O2 )Z^(r 10 , r 01 ). (8.18) 

First we note that Lemma 18.41 says 0(x) 20 is exactly the Mackey obstruction of 
(CT(X,5),x), which we recall is constant on outer conjugacy classes. Therefore 



(8.19) 
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This suffices to show that m y T™(z) is a homomorphism from Z n to T, which will imply 
(rV^GClWW)^). 

II <KxH^ J :=i^KW„ +l (^ byLemmaEl 

l<i<j'<n 

=<!(^)^K(2))^i)K(2))i(^A„K(2))* 

x ^ (a Ao (z))< o + '(z)^(m m+z )(a Ao (z))V Ao ( ( T Ao (^))V A ( ;(m + Z, z)* 
=r° x l(l, z)r° x l(m, z)r x l(m + /, z)* ^(™ m+ 0K o (*))*^MK (*))<(*) 
x $^( Wm )(a Ao ( 2 )X (^)^ +/ (^)* by LemmaES 

x v[ o (z)^(w m )(a Xo (z))v l Xo ( Z y J] <Az)^ byLemmaEl 

l<i<J<n 

=T x l(l,zy x l(m,z)T x l(m + l,zy n O2 (z)^ by (EH) and (El. 

l<i<j'<n 

As (f)(x) 02 — 0(«) O2 ; this implies that r x ^(l, z)r At [(m, z)r° o 1 (m + I, z)* = 1. Therefore 
(r 10 ,r 01 ) G Ci s (7r(W),5). Now, for ^xj&jm, z) := (*Kai 

0(x) A o Al K z) = ^(m, z)i/ Al (a Al (z))$^(tt; m )(<7 Al (z))< (z> Al (a Al (z))* 

x T-AoAi (^1 0))^ (^-s AqAi (^))uAoAi 0K (o"A 0))* 

x ^A (^Ao(^))< (^)*^(^m)(a Ao (z))V Ao ((T Ao (z))*r A ( ;(m,z)* 

= Ta* {m, z)r° x l (m, z)* $^(u> m ) (cx Al (z) )< (z) ^(w^^ {z) ) (a Al (z) ) 

x ^AoA 1 (^)< (^)*^(wm)(^Ao(^))*^AoA 1 (^)*^A7(^- SAoAl w)(^A 1 (^))* by Lemma ESI 

x <(^XAi(^)^(^ m )Ko(^))^A A 1 (2)^(w„ SAoAi(2) )(a Al (z))* by §3} 
= 0(a)IoAi( m ' 2 ) r Ai( m ' ^) r Ao( m ^)**A 1 (w m )(a Al (z))$ Al (a m (w„ SAoAi(z) ))( ( r Al (z)) 
x f A 7(a_ SAoAiW (w m ))( f r Al (z))*$ A 7(w_ SAoAi(2) )( f r Al (z))* by (ET6]) and (EUD 

= 0(«)A 1 o Ai( m ' z ) r Ai 1 ( m ) zk£(™>2)*^(™m^(w-«W*)) a -«^^^ 

= MO^K ^(m, *)' by (J53). 

That is, we have shown 

m l x xM^) = 0(«)i: )Al (m,z)r A ° i 1 (m,z)r A ° o 1 (m,z)*. (8.20) 



A CHERN-WEIL ISOMORPHISM FOR THE EQUIVARIANT BRAUER GROUP 



Finally we work on the last component 

= r A\\ 2 ( 2 K 2 K 2 (^))$A 2 (w_ SAiA ^ 

X$A 1 (w_ SAQAi(z ))(a Al (2;))w AoAl (2)z/ A( XaAo(^))VA (aAo(2))wAo OSAOAlA2(2 ( Z Y 

x $7 2 (w_ SXq Aa w ) (a A2 (2) ) V Aa (a A2 (2) ) Vi° Aa (z) * 
= ^°a 2 (*K° Al (^)rg (-9 SAoAlA2 (z) ,*) W^-.^w)^^))* 

x^(w_ sW2) )(ct A2 (z))w AiA2 (z)$^ 

x$ Ao (w_^ AoAiA2(2) )(a Ao (2;))*w AoA2 (z)* by Lemma[23] 
= 0(«)f o AM 2 (^)r A 1 1 O A2 (.)r A 1 ° Al (,)r A ° o 1 (-^ AoAlA2 (,), z^ 1 ^)* 

x $ Aa (u;„ SAoA2(z) ) (a A2 (z))*$ A2 (w_ SAiA2 ( 2) ) (a A2 (z))w AlA2 (z) 

x^(w_ SAoAi(2) )(a Al (z))u AlA2 (z)*u AoA2 (z)l^(«;*gJ((7 Ao (2;))u AoA2 (2;)* by (JHSD 
= a 2 (s)^ (3)rl ° Al (,)r A ^ (-<9 SAoAlA2 (z) ^)V A 1 ° A2 (z)*$I 2 "(t,_ SAoA2(z) )(a A2 (z))* 

)))(^W) 

x^(«- S a () a 2 (,)(^^ SAoAiA2 (,)))(^ 2 (^))* by (J837D x 2 

= A°A X A 2 W^°A 2 (*) , *) 

X^ 2 "(^ SA()A2 (,)^-,A 1 A 2 W)( ff A 2 (^)) 

x $a 2 (a-s XlX2 (z) (w- SXoXl (z))a- SXoX2 w (w_9 SAqAiA2 w )) ((Ta 2 (*)) 
= 0(«)f o A 1 A 2 (^)r A \° A2 (.)r A 1 ° Al (,)r^(-9 SAoAlA2 (,), ^r^z)* 
x$^(^ SAoA2(2) w;„ SAiA2 (,))(a A2 (z)) 

x ^( w -^ 1 A a (*) w --A 1 A a W--A A 1 W^- aAl * a w-. AoAl wW- SAoA3 (z)) by (E2D 

= 0(«)A°Aa 2 (^< O A 2 (^^A 1 (^)rA O o(-^AoA 1 A 2 (^), (z) * 

Therefore we have shown 

MdJW*) = 0(«)^Aa 2 (^)^A 2 (^)^ Al (^)r A o o 1 (^ AoAlA2 ( 2 ), ^(z)*. (8 
Putting together the three equations (I8.19p . (18.201) and (18.211) . we have proved 

(0(X) 2 °, 0(X) U , 0(X)° 2 ) = (0(«) 2 °, 0(a) 11 , 0(a) O2 )^(r 10 , r 01 ). (8 
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Finally, we need to prove that "E u ,s '■ (CT(X,5),a)) [0(a) 20 , 0(a) 11 , 0(a) 02 ] is well- 
defined. We use the same proof as above, except we set $ = id and w g (x) — 1. □ 

Corollary 8.8. Let (X,U,s) be in the standard setup. Then the map [CT(X,5),a] i— > 
[0(a) 20 , 0(a) 11 , 0(a) 02 ] defines a homomorphism of groups S WjS : Br R n(X) !->■ H| (7r(W), 5). 

Proo/. Let [CT(X, 5), a], [CT(X, 5'), x] e Br K n(X). We have to show 

H W , S [CT(X, 5), a] + ~ W , S [CT(X, 5'), x] = H W , S [CT(X, 5) ® Co(x) CT(X, 5'), « <g> %], 

where ®c (x) denotes the balanced tensor product from Section 12.11 Suppose 

and {^a } are local trivialisations of CT(X,S) and CT(X,5') respectively. Suppose also 

(0(a) 20 , 0(a) 11 , 0(a) 02 ) and (0(x) 20 , 0(x) n , <Kx) 02 ) are such that 

(CT(X, S),a)^ [0(a) 20 , 0(a) 11 , 0(a) 02 ] and (CT(X, 5'), X ) H- [0(x) 20 , 0(x) U , 0(x)° 2 ]- 

We will assume that (0(a) 20 , 0(a) 11 , 0(a) 02 ) and (0(x) 2t \ 0(x) U ; <Kx) 02 ) are defined using 
unitary valued lifts {v Xo }, {^AoaJ and {f% Al } respectively. 

Now, since ® /C(H) = ® H), it is clear that 

$a ®c () (x) ^a (o ® o')(^) : = $A„(a)(x) ® ^(a'X^) 

defines a local trivialisation of CT(X, 5) ®c (X) CT(X, S ; ). Moreover, it is straightforward 
to see that, if we define /3«®x>*®* by 

^X)(T) = ®c o( x) <Ma ® a')(s) T G /C("H <8> «), 
for $a„ ®c (x) ^\ (a ® a') (-s • x) = T, then 

^K^W^W)^) = Ad^W ® and ^Z(^) = Ad <o(*) ® W 

With these facts one observes 

[CT(X, 5) ® Co(x) CT(X, 5'), a ® X ] ^ [0(«) 2 °0(x) 2 °, 0(a) 11 0( X ) 11 , 0(a) O2 0( X ) 02 ]. 

□ 

Theorem 8.9. Let (X,U,s) be in the standard setup. Then Eu, s is a group isomorphism. 

To prove injectivity we use an obvious argument. 

Proposition 8.10. Let (X,U, s) be in the standard setup, and recall M denotes the Mackey 
obstruction map M : Bi^n(X) — > C(Z, M^(T)). Then there is a commutative diagram 

Br R n (X) | M=0 =->■ #|„ (tt- 1 (tt (W) ) , 5) 

^H 2 s (vr(W),5). 
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Proof. Recall from Theorem 16. 31 that the map H^i^^ij^ilA)), S) \-> H| (7r(Z/), S) is given 
by (v,T)) i— >■ (0 2O (za rj), <p u {v, rj), <p 02 (v, rj)) with: 

4>^,v)l° x 1 x 2 (z) := ^ AiA 2 (o-a 2 (^))?7AoA 1 (-SAiA 2 (^),o-a 2 (^)), 
^Vjllx^™^) := 77 AoAl (m,o- Al (z)), and 0(z/, r/) 02 := 1. 

Suppose that [CT(X, 5), a] has trivial Mackey obstruction and [CT(X, 5), a] !->■ [z/, 77] G 
i?g»(7r _1 (7r(W)), «S) under the map from Section [6j Suppose also that Eu )S [CT(X,6),a>] = 
[0(a) 20 , 0(a) 11 , 0(a) 02 ]. Then we need to show 

[0(a) 20 , 0(a) 11 , 0(a) 02 ] = [0(v, r?) 20 , 0(z/, r?) 11 , 0(z/, r?) 02 ]. 

First, we revisit the construction of (v,r]). Recall from Theorem 16. II that there is an open 
cover W = {Wa } of Z, local trivialisations $ A() : CT(X, ^)|7 r - 1 (vy A() ) ~~ ^ Co(ti' _1 (Wa ), KL) 
and continuous maps w Ao : G —> C(ix~ l {W\ ),U{l-L)) such that for any section h in 
L7 (7r- 1 (iy Ao ),/C) 

$a o a 5l o = AdujJ o Tgi (h), (8.23) 

ug«'(x)=«g(x)tig^r 1 x). (8.24) 

In this case, we may as well assume W = tv(U), and that there are continuous maps 
^a Ai : 7r_1 (W^AoAi) ~~ ► ^CK) sucn that $ Al o = AdO AoAl . Then we defined 

^AoAxAa (s) :=^AiA 2 0)#AoAi 0)£AoA 2 (^)*, 

J7aoAi(s,z) :=« Al (x)£ AoAl (-s ■ x)u s Xo {x)*v XoXl {x)*. 

On the other hand, to define (0(a) 20 , 0(a) 11 , 0(a) 02 ) we need to find continuous unitary 

valued maps that implement z ^ /^(-a^M^C*))*!) and ( m ' z ) ^ 0(\ o (m,a Xo {z))x o )- Fix 
T G /C, z G 7r([/ Ao ) and let /i G C{U\ ,K) be such that /i(cr Ao (z)) = T. Then 

/3(A o(m , ffAo ( 2 ))Ao)(T) = $ Ao oa m o$- 1 (/ i )( C 7 Ao ^)) = Ad^or^^K^)) = Ad < (a Ao (z))(T). 

Note that ( 18 .24ft implies it is also the case that (for m G Z n ) 

Oa () W) = KKo(^)) mi K 2 K (^)) m2 • • • K> Ao W) mi . 

(This requirement was necessary: cf. Equation (18.11) ). Therefore we may suppose 
f3(x (m,a Xa (z))x ) is implemented by (m, z) H> u^ Q (a Xo {z)). Let T G fC, z G 7r(C/ Ao ) n tt([/ Ai ) 
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and h G C(U\ ,JC) satisfy h(a\ (z)) = T. Then 



=$ Ai o o $ Ao o a_ SAoAi(2) o $- 1 (/ i )(a Al (z)) 

= Ad £ Ao Al (a Al (z)) Ad W (a Al ( 2 ) )r„ SAQAi w (/i) (<r Al (*)) 

= Adf; AoAl (a Al (,))n A( ^^ (z) (a Al (z))(T). 

Therefore we may suppose /3(a (-s AoAi (2),<t Ai (>))Ai) is implemented by 

z ^ v XoXl (a Xl (z))u~° XoXliz \(T Xl (z)). 

With this data we can calculate (0(a) 20 , 0(a) 11 , 0(a) 02 ). The last entry is easy: 

0(a) O2 o (.) :=ujK(zKK(^K(«)r = 1 by (Q) 
=0°>,r / ) Ao (.). 

For the middle entry we need to apply (18. 24ft : 

0(«)Sai ( m > 2 ) :=M Ai ( ff A! O^AoAj (o-Ai (z))m^ oAi( "Vai 0)) 

x^Xa Ao (^))*n A ;^ (z) (a Al (z))*f %Al ( ( x Al (z))* 

= 0( z/ ) ■'V) Ao Ai ( m i z )^AoAi (°Ai (^))^™, (°Ai (■^O^Ao 5 *"* 1 ^ (°Ai ( z )) 
=00, ^)aoA! ( m > AoAa (0"Ai (2))M^~ SA ° Al (<7Ai (z)) 

x u^ lW (a Al (z))^ Al ( ffAl (z))* = 0(^,r / ) A 1 Ai (m,z). 
For the remaining entry, we apply (I8.24p again to obtain an identity: 



< At,Al(2) (^A 1 (^))*<^^ (z) (a A2 (z))*. 
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With this information we can compute 

0(«AqA 1 A 2 (^) : =^A 1 A 2 (^A 2 (^))% 1 SAlA2(2 \^A 2 (2))<A 1 K 1 (2))MA () SA0AlW (ffA 1 (2)) 
X%f AoAlA2(Z VAoW)«AT° A2(Z) K 2 (^))^AoA 2 (a A2 (,))* 
=V Xl X 2 (>A 2 {z))u£ XlX '" (ffAa (*))#AoAi (<T Al (s))^* * 1 W (a Al (*)) 
X< AoAl(Z VA 1 (^))^AT lA2 ^VA 2 (^))^A A 2 (a A2 ( 2 ))* 

=C Ai a 2 (^a 2 (z))u~ sWz) (a A2 (z))uaoAi (o-A! (z))u~ s o XlXo - {z) (a X2 (z))*v Xo x 2 (a X2 (z))* . 
=v Xl x 2 {a X2 (z))ul" XlX2 Z) (ax 2 (^)Xa 1 {<t Xi (z))u^ XlX > * {a X2 0))* 

X [wA A 1 (ffA 2 (^))^A A 1 (ffA 2 (2;))]SAoA 2 (^ A2 (z))* 
=V Xl X 2 (^A 2 O^AqA! (-SA1A2 (*), Ox 2 {z))v Xo M (^A 2 (z))v Xa X 2 K 2 0))* 
=V Xl X 2 K 2 {z^VXoX! Oa 2 (z))v Xo X 2 Oa 2 {z))*VX X 1 ("^AiAa {z), °X 2 0)) 

=^x x 1 x 2 ((rx 2 (z))r]x x 1 (-sx 1 x 2 (z),ax 2 ( y z)) = <j>(u, v)Zx 1 x 2 ( z )- 

□ 

Corollary 8.11. The map H^ n ('K~ 1 (7r(U)),S) — > B^ s (n(U),S) is injective. 

Proof. Fix [u,rj\, and assume that the image [<t>(v, 77) 20 , 4>{v, rj) 11 , 1] in H| (7r(W), S) is the 
identity element [1, 1, 1]. Thus, there is a 1-cochain (ip 10 ,ip 01 ) G C^ s (ir(U), S) such that 

[<K^) 2 ^M n ,l] = [V° + /U9 S ,^ 01 ,1] 6 H 2 s (7r(W),5). 

Recalling theorems 11.21 and 16.31 we observe that d4>(v,rj) 11 = 1 and therefore [<f>(v, t]) n ] is 
a well defined class in if 1 (7r(W), 5). Moreover, [0(z/, 7/) 11 ] G H l {ix(lA),S) is precisely the 
image of [v,rj\ under the "integration" map tt* : H^ n (7i~ 1 n(U), S) — > H l {ji{U),S). By 
exactness of the Gysin sequence from Theorem 11.21 the fact that [4>{y, f]) 11 } = [<9y? 01 ] = 1 
implies there exists a 7 G Z 2 (n(U),S) such that [v.rj] = vr^„[7] := [tt*j, 1]. Thus, we find 

[1,1,1] = [0 2 V,r?U n M,l] = [0 2 °(vr*7,l),l,l]. 
Using this, and the fact that 0(7r*7, l) 20 = 7, shows there must exist a 1-cochain 
(^ 10 ,^ 01 ) G Cj s (7r(W),S) such that 7 = <9<^ 10 + <^ 01 U 9s and <9<^ 01 = 1. Now, using 
exactness of the Gysin sequence from Theorem 11.21 we see that 7r^„ o (Uds) = 1. Therefore 

M = W = ^«[7 - ^ 10 ] = ^([^ 01 ] Uds) = l, 

which implies H^ n {ii~ l {ii(JA)),S) — >■ H| (7r(W), 5) is injective. □ 
Corollary 8.12. Let (X,U,s) be in the standard setup. Then the map S^ iS is injective. 
Proof. This follows from the diagram of Proposition 18.101 and Corollary 18.111 □ 
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Now we prove surjectivity of 5^ a . Unfortunately, there seems to be no way to explicitly 
construct an element of BrRn(X) corresponding to a given element of H| (7r(W), S). There- 
fore, in order to prove surjectivity, we go via if 2 (R n t<X, S). First, we make the relationship 
between H 2 (aW,S) and H| (7r(W), S) as suggested by Lemma IH31 more concrete. 

Proposition 8.13. Let (X,U, s) be in the standard setup, and fix a cocycle ((f) 20 , 4> 11 , </> 02 ) G 
(ir(U),S). Suppose there exists an open cover U 1 of(R n k X)W and a Tu-Cech cocycle 
if G Z 2 [oU*,S) such that for any open sets U{ 0l ,U{ m G U 1 with (-s XqXi (z), a Xl ) G Ul oXiXm 
and (m,cr A() ) G ^ AoAo a 00 > ^ ere Gxist continuous maps 

Tx\x 01 ■ U e tt(U Xo ) nn(U Xl ) : (-s XoXl (z),a Xl (z)) G Ulj T and 
Txlx 00 (m, -):{ze n(U Xo ) : (m, a Xo {z)) G t/JJ T, 
such that for arbitrary indices Aq-^A^ satisfying 

{-s XoXl {z)+m,a Xl {z)) G and {s XoXl {z) - s XlX2 {z), a X2 {z)) G 
the following three identities hold: 

II ^Z( Z )T/ J = r AoAi 2 ( / ' 2 ) r AoAoi( m ' 2 ) r AoAo 2 ( m + Z ' Z ) *f( a ) AoAoA AoiA 02 A 12 (™, /, ^(z)), 
l<i<j'<n 

(8.25) 

^AoA: 0™, *) = 7 "a 1 1 a 11 {m, ^)r° 1 Aoo (m, z) V(a) AoAlAlAoiA[)iAll (-s A()Al (z), m, a Al (z)) 

(8.26) 

x ^(oOaoAoAiAooA^AoiO, s AoAi ( z ), C Xl (z))*, 
^W*W!W*H^ (8.27) 

x ^(")a a 1 a 2 a ()1 a; )2 a 12 (-saoAi (z), -s XlX2 (z), a X2 (z)) 
x V 2 («)a AoA 2 Aooa; )2 Ao 2 (-^s AoAiA2 (z), -s XoX2 {z),a X2 {z))*. 
Then there is a class [CT(X,6),a] G Br Rn (X) with E UyS [CT(X,5),a] = [0 20 , 02 ]. 

Proof. We observe first that the proof of Corollary 15.211 carries over verbatim to show that 
there exists (CT(X,8),a) G < Bx^n(X) and choices of local trivialisations and unitary lifts 
such that T(CT(X, S),a) = (p. By Lemma IH75| there exists an open cover V 1 of M" X X^\ 
a cocycle (ip 20 , ip u , ip 02 ) G Z% (tt(U),S) and functions {7 10 ,7 01 } satisfying an analogous 
set of identities to the ones in the statement of this proposition. Moreover, it is the case 
that E UyS [CT{X,5),a] = [i/; 20 ,^ 11 ,^ 02 ]. We thus need [^ 20 , ^° 2 ] = [<p 20 , <p l \ <f 2 }- 

By taking a common refinement of hi 1 and V 1 (and leaving U° untouched), we may as 
well assume V 1 = U 1 . We need to show that (t 10 (7 10 )*, r 01 (7 01 )*) is a well-defined cochain 
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in C1 s (tt(Z/),<S) such that (0 20 , U , 02 ) = (V> 20 , ^ 02 )^a s (^ 10 (7 10 )*, r 01 ( 7 01 )*). First, 
identity ( I8.25|) implies that 

l<i<j<n 

xr A ° 1 Ao2 (m + /, 2 )^ Ao2 (m + /,,) J] «(^- 

l<i<j'<n 

Using a symmetry argument, we see this implies 

n «c <w< = n 

Therefore 02 = ^ 02 , and 

^J'. ^wJ^ ^C 2 (m + ^7^ 02 (™ + ^) = 1. (8.28) 

Notice that Equation (18.281) implies 

r^ 12 (I, z)72a 12 (I, z)* = rll, 01 (m, z)*^ (m, z)t% Xq2 (m + I, z)^ (m + i, 

and since the right hand side is independent of the index A12, the left hand side must be 
as well. It follows that the map (m, z) H- T$} m (m, z)^^{m, z)*, for z G ti(U\ ), which we 
denote by (T7*) 01 , is a well-defined 0-cochain in C (n(U),J\f). 
Second, identity (I8.27P implies 

^AoAiA 2 (^) r AiA 2 Ai 2 ( z ) r AoAiA i ( Z ) T AoA o ( _ ^ S A Ai A 2 ( z ) ; z ) r AoA 2 Ao2 ( Z ) 
=^AoA!A 2 (^)7A?A 2 A 12 ( 2; )*7loA 1 Aoi ( 2 )*7AoA o (-&»>oAiA a (*), ^)7loA 2 A 02 (*)• 

Thus 

T AiA2Ai2( Z )7AiA2Ai 2 ( 2; ) =< / , AoAiA 2 ( Z ) ^AoAiA 2 ( Z ) T AoAi A i ( Z )7AoAiA i ( z ) T AoA o ( — ^ S A Ai A 2 (z) , z) 

X 7AoA o( — ^ s AoA 1 A 2 ( 2; ); 2; ) r AoA 2 A 02 ( 2; ) 7AoA 2 A 02 ( Z )' 

and since the right hand side is independent of the index A 12, so too is the left hand side. 
It follows that the map z !->■ t A q Ai .(^)7 A q Ai .(2 ; )*, for z G n(U\ ) D ir(U\ ), which we denote 
(r7*) 10 , is a well-defined 1-cochain in C ,1 (7r(W), S). 

Therefore, we have shown that ((r / ~f*) 10 , (r / ~f*) 01 ) G C^ s (n(U), S), and it is straightfor- 
ward to see that 02 = ip 02 , and that 

<P{] )Xi (m, z) =^J Al (m, zK^nZi™, ^)(r 7 *)^(m, z)\ 
Consequently E U , S [CT(X, S),a} = [^ 20 , vp 11 ,^ 02 } = [0 20 , 02 ]. □ 
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Proposition 18. 131 gives us a strategy for the surjectivity proof but first we need a prelim- 
inary result. 

Lemma 8.14. Let (X,U,s) be in the standard setup. Define lR n /Z™ -equivariant functions 
W\ : 7i~ 1 (n(U\ )) — > R n /Z n by w^^x^^^x := ^Xo^i 00 ))- Then for all indices A there is a 
continuous function w Xo : U Xo — > M. n such that for all x G U Xo , [w Xo (x)]^/z n = w \ { x )- 

Proof. Consider the exact sequence C(U Xo , K n ) -»■ C(U Xo , T n ) H l {U Xo ,Z n ). Then w Xo \u Xo 
has a lift to a continuous function w Xo : U Xo — > W 1 if and only if the image of w Xo under 
the connecting homomorphism C(U Xo , TP 1 ) — > H 1 (U Xo , Z n ) is trivial. But, we have a locally 
constant sheaf over a contractible space U Xo , because U is good, which establishes the 
conclusion. □ 

Corollary 8.15. For (X,U,s) in the standard setup the map S^ jS is surjective. 



Proof. Fix (<f) 20 , <f) 10 , 4> 02 )- By Proposition 18.131 we need an open cover U 1 of M. n x X, a Tu- 



Lemma [8.141 there are continuous functions w Xo : U Xo — > M n /Z n that satisfy [wa ]m"/ z " = 
w Xo and they can be chosen to also satisfy 



We now claim that the function m XoXl (s,x) := s XqXi (ti(x)) — w Xl (x) + w^^s^x) + s is 
continuous on {(s,x) G M. n x X : x G [/? ,s _1 x G U® }, and takes values in Z n . Indeed, 
continuity follows from the fact that it is the sum of four continuous functions, and is 
defined on their common domain. To see that m XoXl (s,x) G Z n we just use the fact that 
w Xo is equivariant and recall that, for all x G 7r~ 1 (7r(6 r A )) H 7t _1 (7t(?7ai)) we have 

[s XoXl ('K(x))] ] g L n/ I ,nw Xl (x)- 1 w Xo (x) = [0]a«/zn- 

Then we may now calculate: [s XoXl (z) _ ^Ai(^) + ^Ao( s ~ 1;r ) + s ]m n /z n 

= [s\o>.i( z )W/Z nW \i( x )~ lw \o( s ~ lx )[ s W/Z n = [0]m«/Z"- 

For later use, note that ( I8.29P implies 



Cech cocycle tp G Z 2 



(aW,S) and functions (r 10 ,r 01 ) satisfying the required identities. By 



w X() (o- Xo (z)) = OeR n . 



(8.29) 




Now we define an open cover U l of lR n x X with open sets U\ Xxi indexed by X 1 : 
1 x I x Z" (where the open cover IA of X is U = {U X() } Xoe x) an d we set 

U\ oXl i ■= {(s,x) Efxl: s^x G U Xo ,x G ™a Ai(s, x) = /}. 
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We next construct a cocycle ip G Z 2 (aU',S) with image [0 20 , 02 ] G Hp(w(U),S). 
To simplify our exposition, we use the notation: O2 (m, Z,z) : = IIi<i<j<ji ,4 >02 ( z )'ij l \ an d 
(.z) ■= ds XoXlX2 {z). 
Then we define a Tu-Cech 2-cocycle <p G Z 2 (aU',S) by 

^A AiA 2 (A[ ) A' 1 /i)(A' 2 A'3i 2 )(A4A^3)( S ^^) : =<Sa! A 2 ( 7r (^))0AoA 1 A 2 (*, x) , 7r(x)) 

x O2 (m AlA2 (t, x), m AoAl (s, t _1 x), 7r(x))* 
x O2 (^A o A 1 A 2 (7r(a;)),mAoA 2 (s + t,x),vr(x)). 

We now take the Tu-Cech differential term by term. Thus, suppressing the indices from 
U 1 (since they do not determine the value of </?, only its domain) we define 

^AoAiAafo*^) := ^AoAiA 2 ( 7I "(^'))' and </?A AiA 2 ( s > *> x ) ■= ( m AiA 2 (<, z), 7t(x)), 

VaqAi a 2 ^' : = O2 (m AlA2 (t,x),m AoAl (s,r 1 x),vr(a;))*, 
^A AiA 2 ( s > *, := O2 (F AoAlA2 (z), m AoAa (s + t, x), vr(x)). 
Write z := 7r(x), and then the differentials of each of these terms are as follows. 

<W AoAlAaA3 (r, s,t,x) =0^ A2A3 (z)0f oX2X3 (zy^Xs WKm* (*)*> 
^Tn<^ AoAlA2A3 (r, s,t,x) =4>l\x 2 (ma 2 a 3 (t, x) , *)$J Aa (m AaA3 (f , z) , z)* 

X 0AoAi ( m AiA 3 ( s ^)0AoA 1 ( m Ai A 2 {s, t^x), z)* 

=0A 1 oA 1 ( i71 A 1 A 2 A3(2),z)*90 A 1 oAlA2 (-,z)(m A2A3 (t,x)), 

d Tu<Pl oXl x 2 x 3 (r,s,t,x) 

= 02 (m A2 As (t,x), m Xl x 2 (s, , z) *0 02 (m Aa Aa (t, x) , m AoAa (r + s, t~ l x) , z) 

x O2 (m AlA3 (s + t,x),m AoAl (r, z)*0 O2 (m AlA2 (s, m AoAl (r, s _1 t _1 x),z) 

= 0° 2 Oa 2 a 3 (t,x), F XoXl \ 2 (z) , z) *0 02 (F Xl x 2 a 3 (z) , ^AoAx (r, s~H~ 1 x) , z) , 

and <9 T ^ AoAlA2A3 (r,s,t,x) 

= 0° 2 (^Ai a 2 a 3 0) , m Al As (s + t, x) , z)<f 2 (F Xo x 2 x 3 (z) , m AoAa (r + s + t, x) , z) * 

x ( l )02 ( F x XiX 3 (z),mx x s ('r + + t, x), z)0 O2 (F AoAlA2 (z), m AoA2 (r + s,t _1 x),z)* 
= O2 (F AlA2A 3(z),F AoAlA 3(z),z)0 O2 (F AoAlA2 (z),F AoA2A3 (z),z)* 

x 0° 2 (-Pa AiA 2 (z) , m A2 A3 (t, x) , z)0 02 (F Al Aa A3 (z) , m AoAl (r, s" 1 ^" 1 ^) , z)* . 
We also need to recall a couple of facts from the -Dp-cocycle identity: 
^AoA! a 2 i-,z) (m X2 x 3 (t,x)) = <fx\ {Fx x 1 a 2 (z) , m A2 A3 (t,x), z)*<^ 2 (m Aa As (t, x) , F AoAl Aa (z) , z) , 
d(p 20 {z)x o x 1 x 2 x 3 = 0l 1 oAl (F AlA2A3 (z),z)0 O2 (F AoAlA2 (z),F AoA2A3 (z))0 O2 (F AlA2A3 (z),F AoAlA3 
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Put together, these facts imply Otu^ is given by 

^° oAl A 2 A 3 W^Ax (FM A 2 A 3 (Z) , 2)*^^ (•> *) (™A 2 A 3 (*, *)) 

x (f) 02 (m X2 x 3 (t, x), F AoAlA2 (2;), 2:)> 02 (F AlA2A3 (z), m AoAl (r, s _1 t _1 2;), z) 

x0 O2 (F AlA2A3 (z),F AoAlA3 ( 2; ),z)0 O2 (F AoAlA2 (^,F AoA2A 3( 2; ),z)* 

x O2 (F AoAlA2 (z),m A2A3 (t,x),2;)0 O2 (F AlA2A 3(z),m AoAl (r, s _1 t _1 x), 2)* 

= [0 A ^(F AlA2A3 (2),2)0 O2 (^ 

x 0lo Al (-Pax a 2 a 3 (z) , z)* [4>f 3 (F Ao Al Aa (2) , m A2 A3 (t, x) , z) *0^ 2 (m A2 Aa (t, x) , F AoAl Aa (2) , z)] 
x O2 (^A 2 A 3 (^, x), F AoAlA2 (», z)*0 O2 (F AlA2A3 (», F XoXl x s (z), z) 

X O2 (^AoA lA2 (^),i r Ao A 2 A 3 (^),^)*0 O2 (i 7 A() A lA2 (2;),m A2A3 (t,x),z) = 1. 

Therefore, the cochain tp is closed under 8t u - We now need to find functions (r 10 ,r 01 ) 
satisfying the identities from Proposition 18.131 First, let us define 

r°>,z):=0f oAoAo (z)* II /Wr mi » and ^ ° Al W:=l- 

l<i<j'<n 

Then, using (18.301) . we see that checking identity ( I8.25P amounts to the computation 

y? AoA()Ao (m, I, a Ao (2))r^.(m, z)r^.(l, z)r^,{m + /, z)* 

=(«AoA w n /(-)? mj )(^A Ao(-)* n 

l<i<j'<n y<i<j<n 

x(«AoA w* n M^xKxoxoW n /(.);r° i(m+0i ) = n /W- 

l<i<j'<n l<i<j<n l<i<j<n 

For 08.261) . the cocycle identity for (0 20 , <f) 02 ) implies </> A ° AoAl O) = A ° AoAo (>) and 
^AoAxAxO) = ^AiAiAi ( z ) ■ Therefore, using (ET3D]1 and fICTD we see that 

^AoAxAx (-SA0A1 (2), m, o-Ai 0))^A A Ai (m, -s AoAl 0), o" Al O))*-^ 1 (m, z)rj. (m, z)* 

Finally, for identity f lH^Tj) 

^A A!A 2 (-SA0A1 (^), -SA!A 2 (2), ct A2 0) V AoAo a 2 ( F\ \ 1 \ 2 (z), -s Xo \ 2 (z), <J\ 2 (z))* 
x r A ° 1 (F AoAlA2 ( 2 ), ^)r A 1 ° A2 (,)r A 1 ° Ai (,)r A 1 ° A2 (,)* 

= 0A O oA 1 A 2 (^)0 O2 (^AoA 1 A 2 (^),-^AoA 1 A 2 (^),Vr(x)) 

x « AoA2 (tt(x))*^ AoAo (z) n A*0»0)^ W *^ W ^ = 0f oAlA2 (,). 

l<i<j'<n 

Therefore, by Proposition 18.13^ there exists a class [CT(X, 5) , a] such that H W s : 
[CT(X, 5), a] >->■ [0 20 , 02 ], implying E u , s : Br K »(X) ->■ H|(7r(W°), 5) is surjective. □ 
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The formula for the Tu-Cech cocycle in Corollary 18 . 1 51 allows us to calculate the Dixmier- 
Douady class corresponding to a cocycle [</> 20 , </> n , 02 ]. Corollary 18.151 completes the proof 
of Theorem I8.9[ which in turn provides the left downward isomorphism from the dia- 
gram of Theorem 11.31 To complete Theorem 11.31 we need the right downward arrow 



H 3 (X, Z)^,: 



ds 



7r(W),Z), and commutativity of the diagram. The first step is: 



Theorem 8.16 ( [MR061 Thm 2.2]). Let 5 G H 3 {X,Z). Then 5 is in the image of the 
forgetful homomorphism F : Br R «(X) — > H 3 (X,Z) if an only if 7r°' 3 (5) = 0. 

Next, as every class in H 3 (X,Z i )\ n o,3 =0 lifts to Br R n(X) we can define a map implicitly 
from H 3 (X,Z)\ n o,s =0 to H| (7r(W),Z) as the composition 



Br R n(X) 



(tt(W),S) 



H 3 (X,Z)\^=o H| s (7r(W),Z), 
provided the image in H| (7r(W), Z) is independent of the choice of the lift 
H 3 (X,Z) 1^,3=0 Br R n(X). From jMR06l Thm 2.3] we have: 

Proposition 8.17. There is an exact sequence 

H 2 M (R n ,C(X,T)) Br Rn (X) H 3 (X,Z% ^ 0. 
To find the image of H^lW" 1 , C(X, T)) under the composition 

Hlj(R n , C(X, T)) Br R n(X) ^ H| s (tt(W), <S), 



we now describe H]^(M. n , C(X, T)) — >• Br R ™(^0 in more detail. First, we know from [MR051 
Lemma 2.1] that there is an isomorphism C(Z,A 2 R n ) = H^MJ 1 , C(X, T)) taking # G 
C(Z,M^(R)) = C(Z, A 2 R"), to the cocycle <? in Z^(M n ,C(X,T)) defined by 



,l<i<j'<n 



We find the image of this in Br R «(X) as follows. Let H = L 2 (M. n ), and define a continuous 
map L 5 : W n C(X, U(L 2 {R n ))) with the formula 



[Lg(s)(x)](C)(t) := g(s,t- s)(x)£(t - s), s,t G R n ,x G X,£ G L 2 (M"). 
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Notice in particular that 

L~ g (s)(x)[L~ g (t)(-s • x)£](r) =g(s,r - s)[L g (t)(-s ■ x)£](r - s) 

—g(s, r — s)(x)g(t, r — s — t)(—s ■ x)£(r — s — t) 
=g(s, r - s)(x)g(t, r - s- t)(z)£(r - s - t) 
=g(s, t)(x)g(s + t,r-s- t)(x)£(r - s - t) 
=g(s,t)(x)[L g (s + t)(x)Z](r). 

It follows that the map Hf I (W l ,C(X, T)) = C{Z, AQ(R)) ->■ Br K ™(X) is given by (cf. 
[CKRW971 Thm 5.1]): g i-> [C (X, K), Ad L g o r]. 

Lemma 8.18. Let (X,l4,s) be in the standard setup. Then the composition 

C(Z,M:(R)) -+ Br R »(X) % s H| s (7r(W),5) H| a (7r(W),Z) 
is the zero map. 

Proof. Let g e C{Z,M%(R)) have image (C (X,]C), AdL g o r) e <8t K «pf). Then, if we 
take the identity maps as the local trivialisations, we have 

P?\o( m ,*, (z))x ) = Ad %v)(^ ( 2 ))(^)and/3 ( Q A *_ SAoAi(z)iCTAi(z))Ai) = Ad L g{ ., ){aXi{z)) (-s XoXl (z)). 
Therefore we can define 

< 0) : = (^3( v )(<T Ao (^))(ei)) mi • • • (L gi . r){aXo(z)) (e n )) mn &ndu XoXl (z) := Lg (v)((TAi(z)) (-s AoAl (z)). 

We can then calculate the image [0(AdL o r) 2O ,0(AdL o r) 11 ,0(AdL o r) 02 ] of 
(L7 (A,/C),AdL 5 or) in H| s (tt(W), S) using 

L g (s)(x)L g (t)(-s ■ x) = g(s, t)(x)L g (s + t)(x). (8.32) 

as follows 



<f>(AdLor)f (z Ji: 
(f)(Ad L o r) A g Al (m, z 



L 9(v)( CT A (^))( e i) L 3(v)K ( Z ))( e i) L 9(v)(<XA W)( e i + £ 

g{ej,ei)(<Txo{z)) = [g(z)ij] m , 
ul(z)u XoXl (z)ul(zyu XoXl (zy by UH32D x 2 

i 's(v)(<TA 1 W)( m ) I '9(v)(^ 1 (z))(- s AoA 1 (^)) 

X ^s(v)(<t Ao (*)) M^sCvX^ (*)) (-SA0A1 (*))* 

^(m,-s AoAl (z))(cr Al (2;))^(-s AoAl (z),m)(a Al (z)) < 



0(z)y(miSAoAi(*)j - SAoAi(^)i»"j) 

l<i<j'<n 
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0(AdL o r)f oXlX2 (z) = u XlX2 {z)u XoXl (z)u~^ SW2iz \z)u XoX2 {z)* 

x L g(-,-)^x (z))(-dsx \ 1 x 2 (z)yLg { .^ {ax2iz)) (-s Xo x 2 (z))* 
= g(sx 1 x 2 (z), sx x 1 (z))g(-sx Q x 2 (z), -<9s AoAlA2 (z))* 

Yl 9(z) ij ( y sx x 1 (z) i s XlX2 ( y z) j - ds XoXlX2 (z)iS XoX2 (z)j) 

X<i<j<n 

Now refer to the construction of the connecting homomorphism after Proposition 13.41 to 
find AO(AdLr) 20 , 0(AdLr) n , 0(AdLr) 02 ) e H| s (tt(W), Z), which will be given by a triple 

(A(0(Ad Lt) 20 , 0(Ad Lt) 11 , 0(Ad Lt) 02 ) 30 , 
A(0(AdLr) 20 , 0(AdLr) n , 0(Ad Lt) 02 ) 21 , 
A(0(Ad Lt) 21 , 0(Ad Lt) 11 , 0(Ad Lt) 02 ) 12 ) . 



The latter two terms are relatively easy to compute: 

)x x 1 x 2 V z )i 



A(0(AdLr) 2O ,0(AdLr) 11 ,0(AdLr) O2 ) 21 nAlA2 (^), 







Yl 9ij(z)((e l ) i s..( y z) j - s..(z)i(e,)j) 

,l<i<j'<n 



A A 1 A 2 



+ &(^)y( i7 A A 1 A 2 (^)i(eOj - (e/)i-P 1 AoA 1 A 2 (^)i) = 0. 

l<i<j'<n 

A(0(AdLr) 2O ,0(AdLr) 11 ,0(AdLr) O2 ) A 2 oAi (z)^ = g{z) ij - g^y = 0. 
The first term is similar, but requires one to compute the Cech differential d of 

2 

Pi n ( U *k) 3 Z Yl »( z )«( s AoAi(^)iSAiAa(«)j ~ 9s XqXiX2 (z)iS XoX2 (z)j) . 

fc=0 i<«<i<« 

We find this differential has the formula 

3 

Pi ^(^J 3^ [^A A 1 A 2 (^)i^ AoA2A3 (z) j - 9s AlA2A3 (2) i 9s AoAlA3 (2;) i 

fc=0 l<i<j<n 

^*AiA a As(^)tSAoAi(^)j - SXoX^idsx^xMj] . 
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Then we see that 



\02\30 



A(0(Ad Lr) w , 0(Ad Lrf\ 0(Ad Lrf j \ \ 1 \ 2 \ 3 W 

l<i<j<n 

+dsx 1 x 2 x a (z) i s Xa x 1 ( z )j ~ sx x 1 ( z )idsx 1 x 2 x 3 (z) j ] 

~ Y 9(z) lj (dsx 1 x 2 x a (z) i sx x 1 (z) j ~ sxoxA^idsx^Xs^j) 

l<i<j<n 

~ Y 9{z)v0sx o x 1 x 2 {z)idsx o x 2 x ;i {z) j - ds Xl x 2 x 3 (z)ids Xo x 1 x 3 (z) j ] 

l<i<j<n 



0. 



□ 



Corollary 8.19. Let (X,U,s) be in the standard setup, and suppose S G H 3 (X,^)\ n o,3 =0 . 
Then the image of S under the composition 

F- 1 

F 3 (X,Z)U3 =0 H| s (tt(ZY),Z) 
is independent of the choice of lift if 3 (X, Z) |„-o,3 = o — > Br^n^X). 



Proof. Follows from Proposition 18.171 and Lemma 18.181 



□ 



Theorem 8.20. Let (X,U,s) be in the standard setup. Then we have an isomorphism of 
groups H 3 (X,Z)\^=o = H| s (tt(W), Z). 

Proof. Corollary 18.191 gives a well-defined homomorphism H 3 (X, Z)| 7r o,3 =0 t— y H| s (7r(W), Z). 
Then, Corollary 13.61 Proposition 18.171 and Theorem 18.91 give a diagram with exact rows 

C(Z, ilC(R)) Br K n(X) H 3 (X,Z)\ n o, 3=0 



id 



C(Z, Ml 



m (tt(u),s) — »m (tt(w),z 




The squares are commutative by definition (because the maps on the bottom row are 
defined implicitly by going clockwise around the square). The isomorphism then follows 
from the Five Lemma. □ 



The proof of Theorem 11.31 then follows from Theorem 18.201 and its proof. 
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